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Abstract: We construct the general form of an F-theory compactication with two U(1)
factors based on a general elliptically bered Calabi-Yau manifold with Mordell-Weil group
of rank two. This construction produces broad classes of models with diverse matter spec-
tra, including many that are not realized in earlier F-theory constructions with U(1)U(1)
gauge symmetry. Generic U(1)U(1) models can be related to a Higgsed non-Abelian
model with gauge group SU(2)SU(2)SU(3), SU(2)3SU(3), or a subgroup thereof. The
nonlocal horizontal divisors of the Mordell-Weil group are replaced with local vertical di-
visors associated with the Cartan generators of non-Abelian gauge groups from Kodaira
singularities. We give a global resolution of codimension two singularities of the Abelian
model; we identify the full anomaly free matter content, and match it to the unHiggsed
non-Abelian model. The non-Abelian Weierstrass model exhibits a new algebraic descrip-
tion of the singularities in the bration that results in the rst explicit construction of
matter in the symmetric representation of SU(3). This matter is realized on double point
singularities of the discriminant locus. The construction suggests a generalization to U(1)k
factors with k > 2, which can be studied by Higgsing theories with larger non-Abelian
gauge groups.
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1 Introduction
F-theory [1{3] provides a powerful nonperturbative approach to understanding large classes
of string vacua in four and six space-time dimensions. While non-Abelian gauge factors in
F-theory models are classied by the local Kodaira-Tate classication of singular bers in
elliptic brations, Abelian factors are represented by elements of the Mordell-Weil group,
which are intrinsically global and more dicult to describe analytically. In recent years,
progress has been made on constructing general classes of Weierstrass models that describe
F-theory compactications with one or more Abelian U(1) factors. The general form of
an F-theory Weierstrass model with a single U(1) factor was described by Morrison and
Park in [4].1 A general class of models with two U(1) factors was constructed in [8{12],
and models with three U(1) factors were studied in [13].
1Certain F-theory compactications with U(1) factors have appeared earlier in [5, 6] in the context of

















Explicit constructions of general F-theory models with multiple U(1) factors are al-
gebraically quite complex. A great deal of physical insight can be gained into systems
with Abelian factors by considering how the Abelian factors can arise from Higgsing of
non-Abelian gauge factors. For example, a model with a single U(1) can be constructed
by starting with an SU(2) non-Abelian factor tuned on a divisor that supports an adjoint
representation, and then Higgsing the SU(2) by giving a vacuum expectation value to the
adjoint matter, giving a breaking SU(2) ! U(1). A similar consideration allows us to
construct a fairly broad class of models with gauge group U(1)U(1) by Higgsing a rank
two gauge group, such as SU(2)SU(2) or SU(3). Consideration of the resulting spectra,
however, shows that the U(1)U(1) models constructed in this way cannot in general be
described through the construction of [8{12].2 This observation motivates us to nd a more
general approach to constructing the F-theory models with two U(1) factors.
The main result of this paper is the construction of a very general Weierstrass form
for F-theory models with U(1)U(1) gauge factors. This class of models includes all those
that can be realized by Higgsing the rank two groups SU(2)SU(2) and SU(3) on adjoint
matter. The most general model also contains more complex spectra, which can arise from
Higgsing more complicated non-Abelian structures. In fact, one of the principal results of
this paper is that a large class of generic models with two U(1) factors can be \unHiggsed"
to models with the non-Abelian gauge group Ggeneral =SU(2)SU(2)SU(3). In various
special cases, the model is unHiggsed to a subgroup of this group, G  Ggeneral. In this
unHiggsing process, the \horizontal" divisors associated with sections in the Mordell-Weil
group become vertical divisors associated with Kodaira singularity types in the elliptic
bration over the base. This generalizes the result found in [4, 14] that a single U(1) factor
can generally be unHiggsed to an SU(2) non-Abelian factor (or an increase in rank on an
existing non-Abelian factor), though in some cases the resulting non-Abelian model may
have certain types of singularities. The form of the non-Abelian group Ggeneral can be
understood geometrically by identifying the general form of the vertical divisors associated
with unHiggsing the two U(1) factors to be AC;BC, where C is a common factor. The
unHiggsing process leads to SU(2) factors on A and B, while on C the two elements of
the Cartan generators combine in a nontrivial way to produce the group SU(3). In some
cases the divisors A, B and C can or must be reducible, thus leading to larger non-Abelian
groups such as SU(2)3SU(3). This general algebraic framework suggests an approach to
describing Weierstrass models with more Abelian factors in terms of analogous, but more
complicated, algebraic structures.
A systematic understanding and classication of F-theory models with multiple Abel-
ian factors is an important challenge for F-theory, both for theoretical and phenomeno-
logical reasons. Much recent work has focused on various aspects of this problem, largely
motivated by eorts to construct models with Abelian factors related to F-theory GUT
phenomenology (for a representative list of works, see [10, 11, 15{30]) as well as other
particle physics models with Abelian gauge symmetry [31{33]. On the more theoretical


















side, a major challenge in constructing a completely general F-theory model with Abelian
factors is the wide range of possible spectra that may arise in such a theory. While for
6D models anomaly constraints in the low-energy supergravity theory provide some limits
on the set of possibilities [34{37], as one considers matter with increasingly large charges
under the U(1) gauge factors, the complexity of the corresponding F-theory models grows
accordingly. Through the unHiggsing process, these matter elds with higher charges are
related to matter elds with increasingly complicated transformation properties under the
corresponding non-Abelian gauge factors.
One of the important new results of this paper that signies the complexity of the
representations with multiple U(1) factors is a construction of a generic class of U(1)U(1)
models in which the resolution of the Abelian theory gives matter elds with specic
higher charges that are related to matter transforming under the symmetric representation
of SU(3) in the associated unHiggsed theory. As a by-product this is the rst explicit
realization of the the symmetric matter representation of the non-Abelian gauge symmetry
in F-theory. The associated Weierstrass models have an intricate and nontrivial algebraic
structure that realizes the non-Abelian gauge theory in a novel way that cannot be under-
stood directly from the Tate description.
While our construction and the geometric results are applicable for Calabi-Yau n-
folds, in this paper we primarily focus on Calabi-Yau threefolds relevant for 6D F-theory.
However, most of the geometric analyses are also relevant to 4D F-theory.
The outline of this paper is as follows: in section 2, we discuss the ways in which models
with one or two U(1) factors can be realized by Higgsing non-Abelian gauge groups with
a variety of structures. This eld-theoretic analysis and discussion provides a framework
for interpreting the rather complicated algebraic structures that arise in the following sec-
tions. In section 3, we construct the most general elliptic bration with three independent
sections, corresponding to a Weierstrass model with Mordell-Weil group of rank two, and
an F-theory model having two Abelian gauge factors U(1)  U(1) in the corresponding
low-energy supergravity theory. In section 4, we give a global resolution of the singularities
in the general U(1)  U(1) Weierstrass model, and analyze the resulting matter spectrum.
In section 5, we describe in general terms the unHiggsing of the two U(1) model to a
non-Abelian theory with vanishing rank of Mordell-Weil group. Concrete examples of the
unHiggsing process and the detailed form of the Weierstrass model in dierent cases are
explored in section 6. In section 7, we discuss a natural generalization of our work to more
than two U(1) factors and the construction of F-theory models with exotic matter represen-
tations as well as the problem of proving the global equivalence of the space of consistent
6D supergravity theories and the set of F-theory compactications. We summarize key
results of the paper in our conclusions in section 8.
Note added. Our general U(1)U(1) F-theory construction, presented in this paper, is
already employed in the simultaneous work [38] for the study of avor textures in SU(5)

















2 U(1)'s and unHiggsing
In this section we describe various ways that two U(1)'s can arise from the Higgsing of a
non-Abelian theory. This provides a eld theory framework for understanding the wide
range of models that can be produced using the general U(1)U(1) Weierstrass model
constructed in the following section. We begin with a review of the story for a single U(1),
and then consider unHiggsing of two U(1) factors.
The general classes of models considered in this section can be constructed in the con-
text of F-theory in six or four space-time dimensions. For specic examples, we focus here
on 6D constructions, since anomaly cancellation conditions for 6D supergravity theories
provide strong constraints on the allowed spectra of the low-energy theories [35, 39, 40],
providing in many cases a simple check on the consistency of the constructions we de-
scribe here. The same classes of theories can also be realized in 4D F-theory constructions,
however, with a richer range of specic models and applications.
2.1 Higgsing and a single U(1)
2.1.1 Higgsing an SU(2)
In general, an SU(2) gauge factor with matter in the adjoint representation can be con-
structed in F-theory by tuning a Kodaira type I2 singularity on a divisor D of the form
 KB + X, where KB is the canonical class of the F-theory base manifold Bn, and X is
eective; for such D, we write D   KB. For a smooth divisor D, this condition is nec-
essary and sucient for the existence of an adjoint matter representation at the level of
geometry. For 6D theories, this can be seen directly from the fact that the genus g of the
divisor D is in general given by
g = 1 +
1
2
D  (D +KB) ; (2.1)
which is positive precisely for D   KB. As a simple example, if the base is B2 = P2, then
 KB = 3HB where HB is the hyperplane class in P2. If we tune an SU(2) over a smooth
curve of degree d and genus g = (d  1)(d  2)=2, in the resulting low-energy theory there
are g matter elds that transform in the adjoint of SU(2). For example, a cubic curve C
has genus 1, a quartic has genus 3, etc. . From anomaly cancellation or inspection of the
explicit Weierstrass model, cf. appendix B.1, the number of fundamental matter elds is
x2 = 6d
2 + 16(1  g). For the cubic curve C, this gives x2 = 54.
An SU(2) with adjoint matter can be Higgsed by giving a VEV to an adjoint matter
eld proportional to the Cartan generator 3, the third Pauli matrix. This leaves a residual
U(1) gauge symmetry. Each matter eld that transforms in the fundamental of the original
SU(2) gives rise to a pair of matter elds with charges 1 under the resulting U(1). For
example, if we start with a cubic on P2, after Higgsing we get a U(1) theory with 108
charged matter elds | the minimum number of charged matter elds compatible with
anomaly cancellation in a 6D supergravity theory with a single U(1) factor [37]. More
generally, if we Higgs the SU(2) using one adjoint (whose charged components are eaten

















produces a multiplet of charges ( 2; 0;+2) under the resulting U(1). For example, tuning
an SU(2) on a quartic on P2 and then Higgsing gives 128 matter elds with charges 1
and 4 matter elds with charges 2.
2.1.2 UnHiggsing a U(1)
An F-theory compactication on a base manifold B is dened through a Weierstrass model
y2 = x3 + f xz4 + g z6, where f and g are sections f 2  (O( 4KB)), g 2  (O( 6KB)).
Such an elliptic bration has a global section z = 0. We often work in the coordinate patch
of P(2; 3; 1) where z = 1, giving the common form
y2 = x3 + f x+ g : (2.2)
It was shown in [4], using the elliptic curve in Bl1P2(1; 1; 2), that the general form of
a Weierstrass model with a U(1) factor takes the form





















Here, b is a section of a line bundle O(L), where L is eective, and ei are sections of line
bundles O((i   4)KB + (i   2)L). The Weierstrass model (2.3) has a nontrivial rational
section, so that the Mordell-Weil group of rational sections has rank (at least) 1. As
described in [4, 14], when the parameter b is taken to vanish, the divisor associated to
this rational section is transformed to a vertical divisor. In general, assuming that in
the original U(1) model there is no Kodaira singularity on the divisor3 e3, this leads to a
non-Abelian SU(2) factor on e3, giving an unHiggsing corresponding to the reverse of the
process described above. Note that4 [e3] =  KB + L always has a form that allows for an
adjoint representation of the resulting SU(2).
In situations where the original model (2.3) already has some non-Abelian gauge group
components, the story can be slightly more complicated. In some cases, tuning the SU(2)
can lead to (4; 6) singularities at codimension one or two. If the divisor [e3] already itself
supports a non-Abelian gauge factor, then tuning b ! 0 leads to an enhancement of the
original gauge factor with an increase in rank, as the horizontal divisor of the rational
section is transformed into vertical form. The form of (2.3) shows that any U(1) can thus
be \unHiggsed" corresponding to an enhancement of the non-Abelian sector of the theory,
albeit in some cases with resulting singularities.
Another relevant situation can occur when e3 = , i.e. e3 is reducible. In this case,
performing the unHiggsing by taking b! 0 leads to an SU(2) factor on each component of
e3. For example, consider the case where the base is B = P2 and [e3] = 3H; [] = H; [] =
2H. In this case, the unHiggsing gives a theory with SU(2) factors on a pair of intersecting
curves ;  of degrees one and two. In this case there is no adjoint matter eld to Higgs.
The spectrum of the resulting theory in this example consists of 22 fundamentals on  and
40 fundamentals on , including two bifundamental hypermultiplets (2;2) associated with
3As a short-hand notation, we denote here and in the following e.g. the divisor e3 = 0 simply by e3.

















the two intersection points, cf. the general multiplicity formulae (B.9). The bifundamental
elds can be Higgsed by turning on VEV's of the form diag(v1; v2) for two independent
VEV's v1, v2. Note that two elds must be used for this Higgsing to satisfy the D-atness
conditions when elds in the fundamental representation are used, unlike in the case of
Higgsing on an adjoint eld where only one eld is needed since the D-term constraints are
automatically satised. Each bifundamental contributes two fundamentals to the spectrum
on each curve, so after the Higgsing there are 18 + 36 = 54 SU(2) fundamentals that are
broken to pairs of 1 charges under the resulting U(1), reproducing the expected number
108 of charged hypers. This kind of model can be understood as simply a degeneration
of a single divisor e3 to a combination of divisors . The Higgsing can be thought of as
occurring in two stages: rst a Higgsing by a VEV proportional to e.g. 1 that re-combines
the two components, and then a Higgsing by the resulting adjoint. After the complete
Higgsing, the remaining U(1) can be seen as the dierence 
(1)
3  (2)3 of Cartan generators
of the original SU(2) factors.
Note that in the case where e3 is reducible, if either factor ;  can by itself support
an adjoint, i.e., if    KB or    KB, then the U(1) model can be seen as coming
from an SU(2) on the divisor  in several dierent ways. First, in the fashion just
described where both SU(2)'s are Higgsed simultaneously using a pair of bifundamental
matter elds, and second by rst Higgsing an SU(2) adjoint to get U(1)SU(2) and then
Higgsing a bifundamental with both U(1) and SU(2) charges. For example, if    KB,
then the SU(2) on  already contains an adjoint, and Higgsing that adjoint will produce
a theory with gauge group U(1)SU(2) with the SU(2) supported on . This represents
a sort of intermediate stage of the Higgsing process, where the U(1) in the fully Higgsed
model is related to a combination of the U(1) eld associated with  and the Cartan of the
SU(2) on . This can be seen algebraically in the F-theory context through the Abelian
model (2.3). Here, the residual SU(2) on  is introduced by taking e3 =  and having a
factor of  in b as b = b0. Then, the rational section lives only on  as its coordinates in
Bl1P2(1; 1; 2) are [ b0 : 1 :  : 0] = [ b0 : 1 :  : 0] employing the C-action. Note also
that in the fully unHiggsed model with b0 = 0 the extra factor of  can then be moved out
of e3 by redening ~e3 = e3=; ~e1 = e1; ~e0 = 
2e0.
We encounter a number of related situations in the later sections of the paper, where
various unHiggsed models can be partially Higgsed in various sequences to go between a
non-Abelian model and an Abelian model. For the most part, the focus however is on the
completely Higgsed and completely unHiggsed endpoints of these processes.
2.2 Higgsing and two U(1)'s: simple constructions
Now let us consider some simple ways in which a pair of U(1)'s can be produced from the
Higgsing of a non-Abelian model. The simplest way in which this can be done is to start
with a theory with a rank two non-Abelian gauge group SU(2)SU(2) or SU(3), where
each factor has an adjoint representation that can be Higgsed. One might also consider a
theory with group G2, but a Higgsing of G2 on the adjoint can give SU(3), so the resulting


















Figure 1. Weight lattice of charges in a theory with a U(1)U(1) gauge group realized by Hig-
gsing a theory with gauge group SU(2)SU(2). Dots in red indicate the adjoint, dots in blue the
bifundamental and black dots are the fundamentals. The origin is indicated by an extra circle.
2.2.1 Higgsing SU(2)SU(2)
If we have two SU(2) factors that are tuned on two independent smooth divisors A;B 
 KB, then each of the factors carries an adjoint representation, and each can be inde-
pendently Higgsed just as in the case of a single SU(2). The resulting model has a gauge
group U(1)U(1). In general, the original model will have some number of fundamentals
transforming under each of the SU(2) factors, and some number of bifundamental elds
that transform as a fundamental under each of the factors, in addition to a number of
adjoint representations for each group corresponding to the genera of the two curves. After
the two factors are Higgsed, the fundamentals will become scalar elds that carry charges
(1; 0) and (0;1) under the two U(1) factors. The bifundamental elds will carry charges
(1;1), and the extra adjoint elds will carry nonzero charges (2; 0); (0;2). This
gives a characteristic set of spectra that can arise from this Higgsing structure, depicted in
gure 1.
As an example, consider a 6D model on P2. If we tune an SU(2) on each of two divisors
A;B of degrees a; b  3, then we will have ga = (a 1)(a 2)=2 adjoints and 6a2+16(1 ga)
fundamental matter representations charged under the rst SU(2), and similarly for the
second SU(2) with a ! b, see (B.9). The number of bifundamental hypermultiplets will
be ab. When both SU(2) groups are broken by Higgsing an adjoint representation, the
remaining adjoints become charge 2 elds, and fundamentals become charge 1 elds under
one of the two U(1) factors (and neutral under the other U(1)) in the resulting U(1)U(1)
gauge theory. In the simplest case, a = b = 3, there are 9 bifundamental elds that carry
charges (1;1) after Higgsing, and another 36 fundamental elds for each factor that
carry charges (1; 0) and (0;1) each. For each U(1) the total number of matter elds of
charge 1 is 108, satisfying the anomaly cancellation conditions. Note that the counting
of matter multiplets here is in terms of full 6D hypermultiplets, each of which contains two
\half hypermultiplets" with opposite charges.
Note that this distribution of charges cannot be realized using the class of U(1)U(1)
models constructed in [8{12]. Thus, a more general model is needed.
2.2.2 Higgsing SU(3)
In a similar vein, we can tune an SU(3) gauge group on a single smooth divisor A 

















Figure 2. Weight lattice of charges in a theory with a U(1)U(1) gauge group realized by Higgsing a
theory with gauge group SU(3). Dots in red indicate the adjoint and black dots are the fundamental
and antifundamental. The origin is indicated by an extra circle.
and some number of fundamental matter representations. Note that in the six-dimensional
theory, with vector-like matter, the \fundamental" matter hypermultiplets contain both
the fundamental and conjugate anti-fundamental representations. On P2, for example,
we again have g = (a   1)(a   2)=2 adjoint representations when the SU(3) is tuned on
a degree a curve, and the corresponding number of fundamental matter elds is x3 =
6a2 + 18(1   g), cf. the general multiplicity formula (B.18). The SU(3) can be broken
by Higgsing along two Cartan generators, e.g.  = diag(1; 1; 0),  = diag(1; 0; 1).
The fundamental representation of SU(3) carries charges (1; 1); ( 1; 0); and (0; 1) under
the resulting U(1)U(1), and the anti-fundamental representation in the same multiplet
carries charges ( 1; 1); (1; 0); and (0; 1). Additional adjoint representations of SU(3)
acquire charges of (2; 1);(1; 2); and (1; 1) (and two singlets) under the breaking to
U(1)U(1). This spectrum is shown graphically in gure 2.
Again, this type of spectrum cannot be produced by the U(1) U(1) models in [8{12].
As a simple example, consider tuning an SU(3) on a cubic on P2. The matter content
consists of one adjoint and 54 fundamental matter elds. Breaking the SU(3) to U(1)U(1)
by Higgsing the adjoint gives 54 matter elds in each of the representations (1; 1), (1; 0),
(0; 1), which appear along with their complex conjugates ( 1; 1), ( 1; 0), (0; 1) in each
full hypermultiplet. Note that again we have 108 charged matter elds under each U(1)
factor, so anomaly cancellation is satised. There is, however, with this spectrum no way
to redene the basis of U(1) elds to match the spectrum found in the class of theories
realized by Higgsing an SU(2)SU(2) model.
It is worth mentioning also here the spectrum that results if an SU(3) is partially
Higgsed on a single Cartan generator to give a theory with U(1)SU(2) gauge group. In
this case, Higgsing for example on 8 = diag(1; 1; 2), the fundamental representation
of SU(3) breaks to the representation content (+1;2) + ( 2;1) of U(1)SU(2), with the
anti-fundamental in the same hypermultiplet carrying the conjugate to this representation
content, and the adjoint breaks to (+3;2)+(0;3); ( 3;2). Note that all elds are invariant
under the diagonal Z2, so that the precise gauge group in this case is (U(1)  SU(2))=Z2.
The presence of this discrete Z2 quotient and the dierence in spectrum distinguishes
this representation content from that associated with the Higgsing of a single SU(2) in

















U(1)U(1), it is straightforward to check that the representation content reproduces that
described above, under an appropriate linear recombination of the generators.
2.2.3 Hybrid models from SU(2)SU(2)SU(3)
While the preceding models are the simplest ways of getting two U(1) factors from the Hig-
gsing of a non-Abelian theory, by considering the possibility of reducible divisors support-
ing the SU(2) factors as in the single U(1) theories described above, some more interesting
structures can emerge. While for a single U(1) factor, the possible spectra are essentially
the same whether the U(1) comes from Higgsing an SU(2) on an irreducible divisor A or
a reducible divisor X = AB, when there are two U(1) factors, we can consider a situation
where one U(1) comes from Higgsing a non-Abelian factor on X = AC, and the other U(1)
comes from Higgsing a non-Abelian factor on Y = BC. Compared to models with a single
U(1) factor, much more interesting and subtle structure is possible when the reduction
occurs in this way for the U(1)U(1) model. In particular, in this situation the divisor C
generally will support a gauge factor SU(3), and we can get a variety of dierent charges in
the U(1)U(1) theory by starting with dierent matter content in the unHiggsed theory.
In fact, the general Abelian U(1)2 theory considered in this work is precisely of this
type. It arises from Higgsing a non-Abelian theory with gauge group
G = SU(2) SU(2) SU(3) ; (2.4)
where the three factors are tuned on divisors A;B;C. Most notably, the gauge group on C
is only an SU(3) associated to an I3 singularity, in contrast to the common expectation of
an I4 singularity at the collision of two I2 singularities. In general, each gauge group factor
will have some associated number of fundamental representations and some number of
adjoint representations, and there can be bifundamental representations between each pair
of gauge group factors. The multiplicities of these matter elds are given by the general
formulae (B.22). In this general context, the bifundamental elds are primarily used to
Higgs the product group SU(2)SU(2)SU(3) (which requires at least two bifundamentals
for D-atness), the spectrum of the resulting U(1)U(1) model will be somewhat dierent
from either of the rank two Higgsings described above.
As in the case of unHiggsing a single U(1) factor, any of the divisors A;B;C can be
reducible, leading to a larger gauge group after unHiggsing. We nd one broad class of
models where A is generically reducible, so that the complete gauge group after unHig-
gsing is SU(2)  SU(2)  SU(2)  SU(3), and the Higgsing is again carried out through
bifundamental elds.
To see how the matter spectrum of the theory follows from Higgsing the general SU(2)
 SU(2)  SU(3) model on bifundamental elds, consider rst Higgsing on a bifunda-
mental (1;2;3) between the SU(2)SU(3) on B \ C, via a vacuum expectation value





This leaves a gauge group SU(2) U(1) SU(2). We can then Higgs a bifundamental

















Figure 3. Weight lattice of charges in a theory with a U(1)U(1) gauge group realized by Higgsing
a theory with gauge group SU(2)SU(2)SU(3). The origin is indicated by an extra circle.
write the residual U(1) generators  and  in terms of the Cartan generators of the factors
SU(2), SU(2), SU(3) as
 =     (1)3 ;  = (2)3    : (2.6)
A short calculation then shows that the spectra of the dierent bifundamentals decompose
under U(1)U(1) as
(2;2;1) ! (1;1) ; (2.7)
(1;2;3) ! ( 1; 1) + ( 1; 1) + (0; 2) + (1; 0) + (1; 2) + (0; 0) ;
(2;1;3) ! ( 1; 1) + (1; 1) + ( 2; 0) + (0; 1) + (2; 1) + (0; 0) :
Similarly, we obtain the following decomposition under U(1)  U(1) of the fundamentals
(2;1;1) ! (1; 0) ; (2.8)
(1;2;1) ! (0;1) ;
(1;1;3) ! (0; 1) + (1; 1) + (1; 0) :
This spectrum is shown in gure 3, where we emphasize that a hypermultiplet in complex
representation always contains states of a given charge and their conjugates. If there are
adjoints on any of the divisors A;B;C they will decompose as
(3;1;1) ! (2; 0) + (0; 0) (2.9)
(1;3;1) ! (0;2) + (0; 0)
(1;1;8) ! (2; 1) +(1; 2) +(1; 1) + 2(0; 0)
Thus, the Higgsing on bifundamentals of a theory with SU(2)SU(2)SU(3) gauge group
gives a dierent, and more general, spectrum than the rank two Higgsings on SU(2)SU(2)
or SU(3) above.
2.2.4 Singular divisors and higher charges
In the general U(1)U(1) Weierstrass model that we derive in the following section, it

















models where a gauge group has been tuned on a singular divisor, associated with a more
complicated matter representation.
While generic F-theory models in which gauge groups are tuned on smooth divisors give
only simple matter representations for the low-energy gauge group, such as fundamental
and antisymmetric representations for SU(N) gauge groups, more exotic representations
can be realized in F-theory when the coecients in the Weierstrass model are tuned to
realize more complicated codimension two loci in the elliptic bration. While there is not
yet a complete map between codimension two singularities structures and the represen-
tation theory of matter and the corresponding low-energy supergravity theory, anomaly
cancellation in 6D theories gives some insight into this correspondence, which has partially
been explored in [41, 42]. One of the simplest examples of this kind of situation arises
for representations of SU(N). As shown in [41], every irreducible representation R of a
simple gauge group factor G has associated with it a genus contribution gR. The value of
gR should indicate the contribution to the arithmetic genus of a singular curve in the base
surface of an F-theory compactication that carries that gauge group, where the matter
representation R is located at the singularity in question. All purely antisymmetric tensor
representations of SU(N) (i.e., those whose Young diagram has a single column) have a
genus contribution of g = 0, and can be realized by codimension two singularities of the
Weierstrass model over a smooth curve. The adjoint and symmetric tensor representa-
tions both carry genus contributions of g = 1 for all SU(N). The adjoint representation
is the matter representation carried generically by a smooth divisor of genus g > 0. As
described in [42, 43], the symmetric tensor representation arises when the gauge group is
supported on a curve C that has an ordinary double point or cusp singularity. For SU(2),
the adjoint and symmetric tensor representations are equivalent, so this distinction does
not lead to dierent spectra in low-energy theories either of an SU(2) or U(1) theory. For
SU(3), on the other hand, the adjoint and symmetric tensor representations are distinct.
In six-dimensional theories, anomaly cancellation conditions treat an adjoint matter rep-
resentation as equivalent to the combination of a symmetric and an anti-symmetric tensor
representation of SU(3). Thus, there are low energy theories of 6D supergravity with an
SU(3) gauge group in which some g0 of the total possible g adjoint representations are
replaced by symmetric + antisymmetric representations. When such an SU(3) is Higgsed,
it gives rise to a distinctive pattern of charges for the resulting U(1)U(1) theory. In the
general model that we describe in the following section, we nd that there is a parame-
ter that determines the number of such singularities that must be present on the curve
carrying an SU(3) gauge group. Here we summarize the consequences for the spectrum
after Higgsing.
We consider the most general model, where the unHiggsed gauge group is SU(2) 
SU(2)  SU(3). We now assume, however, that the SU(3) carries in addition to g   g0
adjoint elds, g0 symmetric and g0 antisymmetric representations. The antisymmetric rep-
resentations are just the anti-fundamental, so give rise to the same U(1) charges as the
fundamental representation described in the previous subsection. The symmetric represen-
tation 6 of SU(3), however, transforms dierently and gives rise to charges

















Figure 4. Weight lattice of charges in a theory with a U(1)U(1) gauge group realized by Higgsing
a theory with gauge group SU(2)SU(2)SU(3), when the SU(3) carries matter in the symmetric
representation, associated in F-theory with singular points on the curve C carrying the SU(3) factor.
Thus, in the most general situation we expect that we may have a spectrum of U(1)U(1)
charges such as those shown in gure 4.
2.3 Examples
To illustrate some of the dierent structures just described, we give some simple examples.
These examples also show how the dierent branches of the set of U(1)U(1) models have
dierent dimensionalities.
We consider the simplest 6D models on the base P2 of each of the types just described.
For the SU(2)SU(2) model, we have two SU(2) factors tuned on two cubic curves
A;B. The spectrum of this model was described in section 2.2.1. After Higgsing both
SU(2) factors as described there, using two adjoint elds, there are a total of 36 + 72 +
72 = 180 charged matter elds. Gravitational anomaly cancellation imposes the condition
H   V = 273, so the number of neutral scalar elds parameterizing this class of models is
Huncharged = 273 + 2  180 = 95.
For the SU(3) model, we have a single SU(3) factor on a cubic curve A. We Higgs using
the adjoint eld to a U(1)U(1) model. The spectrum as discussed above in section 2.2.2
now contains 54 + 54 + 54 = 162 charged matter elds, so the number of neutral scalars
is Huncharged = 275   162 = 113. Thus, this branch of the U(1)U(1) moduli space
has many more degrees of freedom than the branch arising from Higgsing the simplest
SU(2)SU(2) model.
Now we consider a hybrid model, where SU(2)SU(2) SU(3) is tuned on A;B;C;
where A;B are degree one (lines) and C is degree two (conic). In this case in the non-
Abelian theory there are no adjoint matter elds, and we Higgs the theory by turning
on expectation values for bifundamentals as described in section 2.2.3. The numbers of
charged and neutral hypermultiplets lie in-between those in the two models above: we
have 172 charged elds and 103 neutral scalars. Because there are no adjoints of the
SU(2) factors, and all the SU(2)SU(3) bifundamentals are Higgsed, the set of charges
is captured by the subset of charges that appear in both gure 1 and gure 2; if A;B
were higher degree the charge spectrum would be that of gure 3. Note however that the
detailed multiplicities in the spectrum resulting from this construction is dierent from

















spectrum contains 40 elds with charge (1; 1), 4 elds with charge (1; 1), and 64 elds
each with charges (1; 0) and (0; 1) (in each case the hypermultiplet for the eld also contains
the conjugate charge). Here we used the branching rules (2.7){(2.9) taking into account
that two states each with charges ( 2; 0), (0; 2), (1; 2), (2; 1) and ( 1; 1) as well as two
neutral singlets are eaten up, respectively. This resulting spectrum cannot be realized from
the other constructions available.
Finally, we consider the simplest apparently consistent supergravity theory that would
correspond to the spectrum depicted in gure 4, as described in section 2.2.4. In principle
this could arise from an SU(3) with two adjoint matter representations, one symmetric
representation, and 61 fundamental representations (of which one comes from the antisym-
metric representation that comes along with the symmetric when replacing an adjoint).
This model seems to give a sensible low-energy spectrum, and one might imagine that this
spectrum could arise from an F-theory model where an SU(3) is tuned on a quartic curve
C with an appropriate double point singularity. Strangely, however, as we see later in this
paper, the general construction we present here only gives models of this type associated
with curves of degree 5 and higher. This puzzle is discussed further throughout the paper.
3 General elliptic brations with three sections
In this section we construct a general class of elliptically bered Calabi-Yau manifolds
 : Xn+1 ! Bn over a base Bn so that the general elliptic ber E =  1(p) with p a point
in Bn has three rational points, i.e., there is a rank two Mordell-Weil group. F-theory
compactied on Xn+1 then yields a low-energy eective theory with a U(1)U(1) gauge
symmetry. First, in section 3.1 we construct the elliptic curve E as a specialized cubic in
P2. Then, we nd its Weierstrass form as well as the Weierstrass coordinates of its rational
points in section 3.2. Finally, in section 3.3, we construct all Calabi-Yau elliptic brations
Xn+1 of E over Bn. The construction we describe here is completely generic and is valid
for an arbitrary F-theory base manifold Bn.
The crucial dierence between the construction here and the one in [8{12, 32] is that
the rational points in E are kept at general positions and are not assumed to be toric
points in P2 (i.e. the simultaneous vanishings of two homogeneous coordinates). This will
be the key to constructing a more general model that can, for example, be unHiggsed to
SU(2)SU(2) and SU(3)
3.1 A new elliptic curve
We consider an elliptic curve E with three rational points P , Q and R. It is well-known
due to Deligne [44], that these rational points dene a line bundleM = O(P +Q+R) that
embeds E into P2 with M = OP2(1)jE , cf. [8{12]. In terms of the projective coordinates









3 = 0 ; (3.1)
where the coecients si take values in a given eld K. In an elliptic bration  : Xn+1 !

















Figure 5. Cubic E with three rational points P , Q and R contained in the line u = 0.
The identication M = OP2(1)jE implies that there exists a section U of OP2(1) on
the ambient space P2, so that U jE vanishes precisely at the three points P , Q and R.5 By
a rotation in the P2, we choose U = u, see gure 5.6 By setting u = 0 in (3.1), we obtain






which has to have three distinct roots in K that are the rational points P , Q and R. For
elliptic brations over Bn, the eld K is in general not algebraically closed. Thus, the




(aiv + biw) ; (3.3)
where ai, bi take values in K. Thus, the coecients in q3 have to be given by the elementary
symmetric polynomials in the ai, bj . In summary, the elliptic bration (3.1) meeting the
requirement of admitting three rational points takes the form
p = u(s1u
2 + s2uv + s3v




(aiv + biw) = 0 : (3.4)
It is important to note that in an elliptic bration it is not generally possible globally to
move two of the roots of (3.3) to v = 0 and w = 0, as the necessary variable transformation
will generically involve denominators that are ill-dened at certain loci on Bn. In contrast,
for a single elliptic curve this is always possible and leads to the elliptic curve in dP2 studied
in an F-theory context in [8{12].
5Indeed the given points P and Q on E uniquely dene a hyperplane in P2. This hyperplane intersects
the cubic (3.1) in a third point, which automatically is rational. Thus, this point has to be R, because
otherwise E would have a fourth rational point, which is excluded by construction.
6A general U takes the form U = Au + Bv + Cw with A, B, C coecients in appropriate line bundles
on Bn. For a single elliptic curve, these are constants in K and we can perform a Gl(3)-transformation
so that U = u. In an elliptic bration, this is also possible in a general class of models. For a bration
over a three-dimensional base B3, one might worry about the codimension three locus A = B = C in the
base where U  0 which would be a point of I3 ber. However, we can use the C-action on P2 to set
e.g. A  1 globally. Since u is then a coordinate on a P2-ber independent of the base Bn, it follows that
U is non-vanishing on Bn, too. Thus, we can globally in the P2-bration over Bn perform the rotation

















The three rational points P , Q and R of (3.4) have the general coordinates
P = [0 :  b1 : a1] ; Q = [0 :  b2 : a2] ; R = [0 :  b3 : a3] : (3.5)
We note that these rational points coincide when the two lines aiv+biw = 0 and ajv+bjw =
0 align. This happens when the 22-matrix of coecients of these two equations has rank
one, which is the case if aibj   ajbi = 0, for i 6= j. More explicitly, we obtain
P = Q : a1b2   a2b1 = 0 ; P = R : a1b3   a3b1 = 0 ; Q = R : a2b3   a3b2 = 0 ;
P = Q = R : a1b2   a2b1 = a1b3   a3b1 = a2b3   a3b2 = 0 : (3.6)
Note that we have to have (ai; bi) 6= (0; 0) because otherwise the elliptic curve (3.4) would
not be smooth and the rational points not well-dened.
3.1.1 Specialized models
There are certain elliptic brations, for which the model (3.4) of the elliptic curve E can
be further simplied. Indeed, if for a particular i we have that ai is a constant (this is
equivalent to the case of constant bi by exchanging v and w), we can perform the global
variable transformation
v 7! v   bi
ai
w ; (3.7)
which eectively removes bi so that one root of q3 in (3.3) is at v = 0. Without loss of
generality we can assume that i = 1 and a1 = 1 so that the hypersurface equation (3.4)
takes the form
u(s1u
2 + s2uv + s3v
2 + s5uw + s6vw + s8w
2) + v(a2v + b2w)(a3v + b3w) = 0 : (3.8)
The coordinate (3.5) of the rational points reduce to
P = [0 : 0 : 1]; Q = [0 :  b2 : a2]; R = [0 :  b3 : a3] : (3.9)
Note that in elliptic brations of this form the point P is well dened everywhere on Bn.
For this specialized model, we have also worked out the presentation as a non-generic
quartic in P2(1; 1; 2) in appendix C, which is a specialization of the U(1) model of [4].
We emphasize two main dierences between this specialized model and the general
model (3.4). First of all, the coecient b1 is absent from the cubic (3.8). As we demonstrate
in section 3.3, this implies that there is no corresponding eective divisor class associated to
b1, which gives us more freedom for the degrees of other divisor classes dening the elliptic
bration. Second, and more physically, F-theory compactifcations on elliptic brations
based on (3.8) do not have matter elds at a1 = b1 = 0, while the spectrum is otherwise
identical, as we will work out in section 4.2.
Finally, we note that we can have a further specialization if in addition to a constant
a1, also b2 is a constant. In this case, we can redene w globally to obtain the cubic
u(s1u
2 + s2uv + s3v
2 + s5uw + s6vw + s8w

















This is precisely the elliptic curve in dP2 studied in [8{12]. dP2-elliptic brations in general
do not admit rank-preserving unHiggsings as the points at u = v = 0 and u = w = 0
generally do not collide in the bration and, consequently, can not be merged by a tuning
of the complex structure. As shown in [32], the theory can, however, be unHiggsed to
SU(3)3=Z3 and (SU(2)2 SU(4))=Z2, respectively, where the rational point u = w = 0 has
turned into Mordell-Weil torsion.7
In summary, we see that (3.4) admits certain specializations. As the case of constant
a1 and b2 reduces to the elliptic curve in dP2, that has been studied extensively in recent
literature, we will primarily consider the completely general case and the novel special case
a1 = 1, b1 = 0 with generic a2, a3, b2, b3.
3.2 The Weierstrass form
We now proceed with the calculation of the Weierstrass form (WSF)
y2 = x3 + fxz4 + gz6 (3.11)
of the elliptic curve (3.4). Choosing P as the zero point, the birational map to the WSF
can be obtained by applying again the procedure of Deligne and constructing the sections
of the line bundles O(nP ) for n = 1; : : : ; 6 yielding an embedding of E into P1;2;3. This
procedure has been described and applied in an F-theory context recently, see appendix
B of [4] and more specically [9, 11] for the case of cubics. Alternatively, we can apply
Nagell's algorithm to (3.4), see e.g. appendix B of [9].
Instead of following these two procedures, we take a shortcut here by using the WSF
of the elliptic curve in dP2. Indeed, we can perform the rational variable transformation
v 7! v   b1a1w and w 7! w   a1a2a1b2 a2b1 v on the cubic equation (3.4) so that it assumes the
standard form of an dP2-elliptic bration, that is
pdP2 = u(~s1u
2 + ~s2uv + ~s3v
2 + ~s5uw + ~s6vw + ~s8w
2) + vw(~s7v + ~s9w) : (3.12)
Here the coecients ~si are given by ~s1 = s1 and
~s2 =
a1(b2s2   a2s5)
a1b2   a2b1 ; ~s3 =
a21
 
a22s8   a2b2s6 + b22s3

(a1b2   a2b1)2 ;
~s5 = s5   b1s2
a1
; ~s6 =
a1(b2s6   2a2s8) + b1(a2s6   2b2s3)
a1b2   a2b1 ;




(a1b2   a2b1)(a1b3   a3b1)
a1
: (3.13)
Then, we can directly apply the results of [9] for the functions f , g of the Weierstrass
model. Clearing denominators gives a Weierstrass model where the coecients f; g are
polynomials in the si; aj ; bk. The resulting expressions are quite lengthy and can be found
in appendix A. We emphasize that both f and g are both manifestly symmetric under

















exchange of the rational points, i.e. both expressions (A.1) and (A.2) are invariant under
exchanging (ai; bi) $ (aj ; bj) for any pair i 6= j. Note that neither f , g nor the discrimi-
nant  admit a factorization, signaling the absence of codimension one singularities. The
singularities at codimension two and higher will be discussed in section 4.1.
We can use this birational map to WSF in order to compute the Weierstrass coordinates
of the rational points Q, R. Again, the obtained formula are lengthy and relegated to
appendix A. For Q we obtain the coordinates given in (A.3). The Weierstrass coordinates
of the rational point R, given in (A.4) and denoted by [yR : xR : zR], are obtained from
the ones for Q by exchanging the variables (a2; b2) $ (a3; b3) by symmetry of the elliptic
curve (3.4).
Specialized model. The WSF of the specialized cubic curve (3.8) is obtained from (A.1),
(A.2) by setting a1 = 1 and b1 = 0. Similarly we obtain the Weierstrass coordinates of the
rational point Q from (A.3) in this limit:









+ s8(b2s6 2a2s8)(b22s3 a2b2s6+a22s8)) : (3.14)
As before, we obtain the coordinates of the point R, by symmetry of (3.8), upon exchanging
(a2; b2)$ (a3; b3).
3.3 Constructing elliptic brations
We proceed with the construction of elliptically bered Calabi-Yau manifolds  : Xn+1 !
Bn as brations of the curve E dened in (3.4) over an arbitrary base Bn. Although we
focus in this work on the case of Calabi-Yau threefolds, the discussion in this section applies
to any complex dimension of Xn+1. The procedure outlined here has been used already,
e.g., in [9, 13, 32], to which we refer the reader for more details.
An elliptic bration by the curve E over a base Bn is formally obtained by identifying
the eld K with the eld of rational functions on Bn. Upon cancelling denominators, the
coecients si, aj and bj in (3.4) are identied with sections of appropriate line bundles
over Bn. The correct line bundles are determined by imposing the Calabi-Yau condition
on the total space of the bration. Clearly, in the obtained elliptic bration Xn+1, the
rational points in (3.5) lift to rational sections of the bration, that we denote by s^P ,
s^Q and s^R. Their homology classes give rise to two U(1) gauge symmetries in F-theory
compactications on Xn+1 [3].
In more detail, we rst ber the two dimensional ambient space P2 of (3.4) over Bn,
yielding the projective bundle




















This is fully specied by the two divisors Du and Dv on Bn, respectively, their associated
line bundles being OB(Du) and OB(Dv), which we chose so that
u 2 O(Du) ; v 2 O(Dv) : (3.16)
This implies that the constraint (3.4) becomes a section of a line bundle over the base
Bn. Consistency, i.e. the requirement that every monomial in (3.4) transforms as a section
of the same line bundle, then requires that the coecients si, aj and bj are sections of
appropriate line bundles. Finally, we require in addition that the constraint (3.4) is a
section of the anti-canonical bundle of (3.15), i.e., denes a Calabi-Yau manifold Xn+1.
This condition xes the line bundles for the coecients si, aj and bj .
Computing the anti-canonical bundle of (3.15) by adjunction and solving the con-
straints imposed by the Calabi-Yau condition, we obtain that the coecients si, aj , bj
have to be sections in the line bundles
Section Line bundle
s1 O( 6KB   2[a1]  2[a2]  2[a3]  3[s8])
s2 O( 4KB   [a1]  [a2]  [a3]  2[s8])
s3 O( 2KB   [s8])






b1 O(KB + [a1] + [s8])
b2 O(KB + [a2] + [s8])
b3 O(KB + [a3] + [s8])
(3.17)
Here  KB is the anti-canonical divisor of Bn, and we set Du = 3KB+[a1]+[a2]+[a3]+2[s8],
Dv = KB + [s8] so that all base divisors are parametrized by the classes [ai], i = 1; 2; 3,
and [s8], corresponding to the sections ai and s8, respectively. This parametrization is
convenient as these four classes have to be eective in a generic model. They can chosen
freely subject to the condition that all si and aj , bj are eective, which yields a nite
discrete set of possible strata in the moduli space of Xn+1. We note that the line bundles
for each of the parameters in (3.17) can also be determined eciently directly from the form
of the Weierstrass coecients f; g in appendix A, where f 2 O( 4KB); g 2 O( 6KB).
As immediate consequences of the eectiveness condition of (3.17) we infer that
[s8]   2KB ;  KB  [ai] + [s8] ; [a1] + [a2] + [a3] + [s8]   3KB ; (3.18)
where  KB must be (Q-) eective for a Calabi-Yau Weierstrass model to exist. These
conditions will be crucial for the understanding of the unHiggsings of the U(1)-symmetries

















In summary, we see that the elliptically bered Calabi-Yau manifold Xn+1 is specied
by four discrete parameters. We note that this additional freedom is not present in the
earlier construction in [8{12], where there are only two discrete parameters. The presence
of two additional discrete parameters is expected for the cubic in (3.2): it correspond to
the two discrete degrees of freedom reected in the two independent pairwise rescalings
((ai; bi); (aj ; bj)) 7! ((ai; bi);  1(aj ; bj)) (i 6= j) which leave p = 0 invariant, where  is a
section of a line-bundle on Bn. The additional discrete choices arise from specifying these
two line-bundles.
The specialized model. The case of the specialized model (3.8) is covered by the general
result (3.17) by setting [a1] = 0 and dropping the coecient b1, as this is no longer present
in the model. We obtain
Section Line bundle
s1 O( 6KB   2[a2]  2[a3]  3[s8])
s2 O( 4KB   [a2]  [a3]  2[s8])
s3 O( 2KB   [s8])





b2 O(KB + [a2] + [s8])
b3 O(KB + [a3] + [s8])
(3.19)
We emphasize that the absence of the coecient b1 weakens the eectiveness conditions
imposed by (3.19) on the remaining parameters [a2], [a3] and [s8], compared to (3.17). In
fact, we do not have the constraint  KB  [s8]. This implies that the model (3.8) has
qualitatively dierent unHiggsings than the general model (3.4).
3.4 Comparison with dP2-elliptic brations
Before continuing with our discussion, let us pause to compare with the elliptic brations
with rank two Mordell-Weil group constructed in [8{12] using the elliptic curve in dP2.
Clearly, for a single elliptic curve over the complex numbers C, we can always redene
the coordinates [u : v : w] in (3.4) to map to the elliptic curve in dP2 given in (3.10).
However, in an elliptic bration, the necessary coordinate redenition is not dened globally
unless we specialize [a1] = [b2] = 0. Then, we can perform a coordinate redenition that
eectively sets b1 = a2 = 0. Like the specialized model described in (3.19), the dP2-elliptic
bration gives a class of constructions that are not captured by the general model Xn+1
where all coecients ai; bi are non-vanishing. In the dP2-elliptic bration, the coecients b1
and a2 are absent. Consequently, their divisor classes in (3.17) do not have to be eective,
which relaxes the constraints imposed on the remaining two parameters [a3] and [s8], which

















Figure 6. Intersection pattern of sections in three dierent cubic bers.
parameters were non-vanishing. Hence, we obtain new models based on the dP2-elliptic
curve giving rise to dierent physics in F-theory, that are not just a specialization of F-
theory on a general Xn+1. Note, however, that all the models found in the specialized
model (3.19) and the dP2 construction are still special cases of the Weierstrass model
described in appendix A; the distinguishing feature of these specialized models is that a
broader range of classes can be chosen for the non-vanishing parameters [a3]; [s8], and [a2]
in the specialized models.
Another way to formulate the dierence between elliptic brations based on (3.4) with
generic coecients and those based on the specialized model (3.8) or the dP2-curve (3.10) is
to compare the general intersection patterns of the rational sections in these three models.
The intersection pattern of the sections in elliptic brations based on dP2 is shown in the
rst gure in gure 6, that of the specialized models in the second gure while a generic
situation in the general model Xn+1 is shown in the third gure. It is observed that the
sections s^P and s^Q in dP2-models can not intersect at codimension one in the base Bn as
they are induced by the xed toric points P = [0 : 0 : 1] and Q = [0 : 1 : 0]. In contrast, in
a specialized model, all sections can intersect independently, as discussed in (3.6). Finally,
in a general model all sections can intersect, too, and the zero section is no longer rigid.
As we will demonstrate in section 4.2, this gives rise to a dierent matter spectrum of
the F-theory models constructed as dP2-elliptic brations, the specialized and the general
Calabi-Yau manifolds Xn+1; in particular, the disjoint nature of the sections P; Q in the
dP2-models indicates that these sections cannot be brought together to form an unHiggsed
model without Abelian factors in a straightforward fashion.
4 Singularities, global resolution and the matter spectrum
In this section, we discuss the singularities of the elliptic bration of the Calabi-Yau mani-
fold Xn+1, the construction of a global CY-resolution of these singularities and the determi-
nation of the matter spectrum of the corresponding F-theory model. As we discuss further
in section 4.1, the relevant singularities of Xn+1 are at least codimension two in the base
Bn. The global resolution is represented as a complete intersection in a (n+4)-dimensional
ambient space. It describes two blow-ups at two non-toric points in the ambient space of
the elliptic ber. In section 4.2, we use these results to obtain the general matter spectrum

















I2-loci at codimension two in Bn
V (I(1)) := fa1 = b1 = 0g
V (I(2)) := fa2 = b2 = 0g
V (I(3)) := fa3 = b3 = 0g
V (I(4)) := f12 = s3b21   s6a1b1 + s8a21 = 0gnV (I(1))
V (I(5)) := f13 = s3b21   s6a1b1 + s8a21 = 0gnV (I(1))
V (I(6)) := f23 = s3b22   s6a2b2 + s8a22 = 0gnV (I(2))
V (I(7)) := fyQ = yR = (zQ)4f + 3(xQ)2 = (zR)4f + 3(xR)2 = 0gnV (I(1))
V (I(8)) := fyQ = (zQ)4f + 3(xQ)2 = 0gnV (I(1)  I(2)  I(4)  I(5)  I(6)  I(7))
V (I(9)) := fyR = (zR)4f + 3(xR)2 = 0gnV (I(1)  I(3)  I(4)  I(5)  I(6)  I(7))
Table 1. Codimension two matter loci of Xn+1.
Note that in the discussion here we focus on the matter charged under the U(1) F-
theory elds associated with the rank two Mordell-Weil group, i.e. matter whose existence
is imposed by the considered elliptic ber of the form (3.4). For simplicity, in this analysis
we may assume that we are considering a generic elliptic bration over a weak Fano base,
so that there are no non-Abelian gauge group factors. As described in [45{47] for 6D and
4D F-theory compactications, most bases Bn are not weak Fano, and have associated non-
Higgsable non-Abelian gauge group factors for generic elliptic brations. In such cases, or
when the Weierstrass model over a Fano base is specically tuned, there are codimension
one singularities as well, and a full resolution would involve non-Abelian gauge groups and
associated charged matter as well as the Abelian factors and Abelian charges we describe
here. More detailed analysis of such models could be carried out as a further extension of
the Abelian analysis here.
4.1 Singularities of Xn+1 and their global resolution
In this section we determine all codimension two singularities of the elliptically bered CY-
manifold Xn+1. In general, the existence of rational sections in an elliptic bration implies
the presence of singularities in its Weierstrass model at codimension two in the base Bn
of the bration, see e.g. [4, 9]. As stated above, we make the simplifying assumption that
there are no codimension one singularities in the elliptic bration. As we will demonstrate
below, Xn+1 has Kodaira bers of type I2 at the codimension two loci in the base Bn given
in table 1 Here we have denoted the variety given by the vanishing locus of an ideal I(k) by
V (I(k)), k = 1; : : : ; 9; we have also used the Weierstrass coordinates of the rational sections
s^Q, s^R given in (A.3), (A.4), and the shorthand notation
ij := aibj   biaj : (4.1)
In addition, we specify the varieties V (I(k)), k = 4; : : : ; 9, in terms of reducible varieties
from which we subtract unwanted irreducible components, employing V (I J) = V (I)[V (J)
for two ideals I, J . The corresponding prime ideals I(k) can be computed via the primary

















that the list above gives the complete set of irreducible components of the I2-loci. Further
evidence of completeness is provided by anomaly cancellation in 6D, which we show in
section 4.2.
Next, let us comment on the derivation of the codimension two loci in table 1. First,
we recall that the presence of the two rational sections s^Q and s^R implies two factorizations





















which implies a singularity at the following codimension two loci in the base Bn:
yQ;R = 0 ; (zQ;R)
4f + 3(xQ;R)
2 = 0 : (4.3)
The singularity at the loci (4.3) is of Kodaira type I2, as can be read o by the vanishing
orders of (f; g;). These are precisely the two complete intersections entering the last two
lines in table 1.
The locus (4.3) is a generically a reducible variety in Bn. Over each irreducible com-
ponent the behavior of the three sections s^P , s^Q and s^R is dierent, yielding dierent
matter representations in F-theory. All irreducible matter loci are found by a decomposi-
tion of (4.3) into its prime ideals as employed in [9, 10]. We claim that all its irreducible
components are given in table 1. As this decomposition is in general computationally in-
volved, it is necessary to identify a number of codimension two singularities of the WSF of
Xn+1 by hand, as we demonstrate next.
4.1.1 Singularities in the cubic bration Xn+1
The elliptic bration Xn+1 in the form (3.4) is singular and admits conifold singularities.
These can be made manifest by writing the dening equation (3.4) in the more sugges-
tive form
ufu(u; v; w) + v1v2v3 = 0 ; (4.4)
where we dened
fu(u; v; w) := s1u
2 + s2uv + s3v
2 + s5uw + s6vw + s8w
2 ; vi := aiv + biw : (4.5)
This is a binomial geometry precisely of the form studied in [48, 49]. As discussed in these
works there are three intersecting conifold singularities at
u = fu = 0 ; vi = vj = 0 (i < j) ; (4.6)
where we only consider the irreducible components of codimension two in Bn of this variety.
If (ai; bi) 6= (0; 0) and (aj ; bj) 6= 0, this yields three codimension two loci
ij := aibj   biaj = 0 ; s3b2i   s6aibi + s8a2i = 0 ; i = 1; 2; 3 ; (4.7)
where the elliptic ber is singular at [u : v : w] = [0; bi; ai]. These are precisely the

















For the special values (ai; bi) = (0; 0) the second term in (4.4) vanishes. Thus. the
elliptic ber of (4.4) degenerates into the line u = 0 and the conic fu = 0, which produces
a resolved I2 ber at the three codimension two loci
ai = bi = 0 ; i = 1; 2; 3 : (4.8)
These three loci are the rst to third lines in table 1. Note that in these cases, the sections
s^P ; s^Q; and s^R all intersect the ber along the line u = 0; it is wrapped by that section
whose coordinates are ill-dened at the respective locus in (4.8). Note also that while this
I2 singularity is resolved in the cubic model (3.4), the ber is singular in the Weierstrass
presentation.
There are three additional ways to factorize (4.4) into a line and a conic at codimension
two in Bn. We write the factorization in the form
(s1u+ aiv + biw)q2(u; v; w) = 0 ; i = 1; 2; 3 : (4.9)
Here q2(u; v; w) = u
2 + : : : is a general conic in u, v, w. For generic ai, bi the line
(s1u + aiv + biw) = 0 intersects the line u = 0 at the single point [u : v : w] = [0; bi; ai],
and precisely one of the rational points P;Q;R is on it. The three dierent possibilities
in (4.9) correspond to the three dierent choices of which rational point lies on the line. The
codimension two locus in Bn supporting these I2 bers can be computed using elimination
ideals, see [32, 50], and is expected to yield the three ideals in the last three lines of table 1.
Again, (4.9) is a resolved I2 ber in the cubic presentation of Xn+1.
4.1.2 Global resolution of the cubic bration Xn+1
Thus, the only codimension two singularities of Xn+1 that require an additional resolution
are the conifold singularities in (4.6). As shown in [48, 49], these are resolved by blowing
up the ambient space P2B of (4.4) dened in (3.15) twice at u = vi = 0 and f2 = vj = 0,
respectively. Introducing projective coordinates [l1 : l2], [m1 : m2] on F0 = P1  P1, these
two blow-ups are described by the complete intersection [51]
l1u  l2vi = 0 ; m1fu  m2vj = 0 : (4.10)
For these two constraints to be well-dened sections of line bundles, the coordinates on F0
have to be sections of the following line bundles:
l1 2 O([vi] +H1) ; l2 2 O([u] +H1) ; m1 2 O([vj ] +H2) ; m2 2 O([fu] +H2) : (4.11)
Here H1 and H2 denote the hyperplane classes of the two P1's in F0 and the divisor class
associated to a section is denoted by [] as before. The assignment (4.11) implies that F0 is
bered non-trivially over P2B. Thus, the ambient space of the complete intersection (4.10)
is the following F0-bundle:




















Here the projectivization acts on the ber coordinates in the four line bundle summands
as the C-actions in F0.
The proper transform of (4.4) in the blow-up (4.10) is readily computed using prime
ideals. It agrees with the naive result one obtains by multiplying (4.4) by l1m1, using the
two relations (4.10) and factoring out vivj . In summary, we obtain the complete intersection
l1u  l2vi = 0 ; m1fu  m2vj = 0 ; l2m2 + vkl1m1 = 0 ; k 6= i; j (4.13)
in the ambient space (4.12) as the global resolution of (4.4). We denote this global reso-
lution of Xn+1 as X^n+1 in the following. A complete intersection resolution as (4.13) has
also been used recently in [52] for the study of the Z3 Tate-Shafarevich group.
The Calabi-Yau condition of the complete intersection (4.13) is readily checked as
follows. The rst Chern class of (4.12) is computed as the sum of the rst Chern class
c1(P2B) of its base P
2
B and the four ber line bundles,
c1(W) = c1(P2B) + [u] + [fu]  [vi]  [vj ] + 2(H1 +H2)
= 2([u] + [fu] +H1 +H2)  [vi]  [vj ] ; (4.14)
where we have imposed the condition c1(P2B) = [u]+[fu] which is the Calabi-Yau condition
of (4.4) in the ambient space (3.15) before resolution. Employing (4.11), we see that this
is precisely the sum of the classes of the three constraints in (4.13), i.e. the complete
intersection is indeed Calabi-Yau.
Next, we compute the coordinates of the rational points P , Q and R in the resolution
X^n+1. By plugging in their coordinates (3.5) into the complete intersection (4.13) we obtain
their new coordinates in [u : v : w : l1 : l2 : m1 : m2] as
P : [0 :  b1 : a1 : fu(0; b1; a1) : k11j : j1 : fu(0; b1 : a1)]
Q : [0 :  b2 : a2 : fu(0; b2; a2) : k22j : j2 : fu(0; b2; a2)]
R : [0 :  b3 : a3 : fu(0; b3; a3) : k33j : j3 : fu(0; b3; a3)] (4.15)
where we used the shorthand notation ij = aibj   biaj dened in (4.7).
We note that we have obtained dierent resolutions, corresponding to the dierent
choices of the labels (i; j; k) in (4.13). For the purpose of computing the charged matter
spectrum of F-theory, we only need one particular resolution of Xn+1. For convenience we
choose (i; j; k) = (1; 2; 3) in (4.13) yielding the resolution
l1u  l2v1 = 0 ; m1fu  m2v2 = 0 ; l2m2 + v3l1m1 = 0 (4.16)
and the coordinates (4.15)
P = [0 :  b1 : a1 : fu(0; b1; a1) : 3112 : 21 : fu(0; b1 : a1)] ; (4.17)
Q = [0 :  b2 : a2 : 1 : 0 : 0 : 1] ; R = [0 :  b3 : a3 : 1 : 0 : 23 : fu(0; b3; a3)] :
For latest results on the geometrical construction of dierent geometrical resolution phases,

















We emphasize that the conifold singularities (4.6) are replaced by P1's, which are
wrapped by rational points. The particular wrapping and the P1 inside F0 constituting the
exceptional curve in X^n+1 can be inferred from (4.16) and the coordinates (4.17) of the
rational points. For example, at the original conifold locus u = fu = v1 = v2 = 0 in (4.6)
the rst and second equation in (4.16) are trivial so that (l1; l2) and (m1;m2) remain
unconstrained. The third equation, that is of degree (1; 1) determines a diagonal P1 in F0
replacing the singularity. By (4.17) we see that it is wrapped by P , whose coordinates are
ill-dened as 12 = fu(0; a1; b1) = 0.
We conclude the discussion of the resolution by noting that by Theorem 4.1 in [53] the
complete intersection (4.13) is equivalent to
l1u  l2vi = 0 ; m1vk  m2l2 = 0 ; m1fu + l1m2vj = 0 ; k 6= i; j : (4.18)
This describes two blow-ups, one at u = vi = 0, which is precisely the location of one
rational point in Xn+1, and another at vk = l2 = 0, which is exactly the proper transform
of a second rational point. The latter statement is clear since the rst constraint in (4.13)
implies that the set fl2 = vk = 0g is equivalent to fu = vk = 0g (except when vk  vi = 0
or vk  vj = 0 and fuju=vk=0 = 0, where l2 is unconstrained as we are at one conifold
singularity in (4.6)). Thus, we see that the resolution (4.13) is nothing but an equivalent
description of the blow-up at two rational points in Xn+1 given in (4.18).
4.2 The matter spectrum
In this section, we proceed to investigate the codimension two bers in the resolution X^n+1
constructed above. The charges of the hypermultiplets related to the isolated curves of
the I2 bers are calculated in general from the intersection with the Shioda map of the
sections, (s^Q) and (s^R), as [4, 55]
q1;2 = c  (s^Q;R) = c  (SQ;R   SP ) ; (4.19)
where SP;Q;R denotes the divisor class of the section s^P;Q;R, respectively. We employ
this formula and the particular resolution phase in (4.16) to compute the charged matter
spectrum of the F-theory compactication on Xn+1.
4.2.1 General model
We begin by analyzing the resolution X^n+1 of the elliptic bration of the general model (3.4)
at the nine codimension two loci in table 1. In all cases, we obtain I2 bers, as discussed
above, that enjoy dierent intersections with the rational sections s^Q, s^R and the zero
section s^P . The resulting matter spectrum including 6D multiplicities x(q1;q2) of hypermul-
tiplets with charges (q1; q2) and a representation of the I2 bers in X^n+1 in the phase (4.16)
is shown in table 2. The behaviour of the ber is obtained by analyzing the complete inter-
section presentation (4.16) for X^n+1 at all loci in table 1. In the gure, ber components
completely contained in one of the rational sections are shaded. We note that all bers we

















The charges can be read o from the location of the rational sections on the ber
and (4.19), noting that the U(1) generators are associated with Q   P and R   P . The
ber component not containing the zero point P is the curve c whose charges we compute.
For example, in the rst entry in table 2, the curve c intersects twice with P and not at
all with Q;R, so the charges are  2; 2. We note that the matter spectrum is completely
symmetric under exchange of the three points P , Q and R as expected by the symmetries
of Xn+1 in the form (3.4). (Note that this symmetry is not manifest in table 1, though it
is still there and can be seen by a dierent choice of generators of the respective ideals.)
The representation content in table 2 can be conveniently summarized by drawing the
charge lattice of the theory. Since a 6D hypermultiplet contains elds both in a repre-
sentation and its complex conjugate, we draw all the charges in table 2 including their
negative, yielding precisely the charge lattice that was depicted in gure 4. Thus, all the
generic models have spectra that appear compatible with a Higgsed SU(2)SU(2)SU(3)
model, with symmetric SU(3) matter included; we see in the following section how this
works in detail.
The multiplicities of the matter representations in table 2 are given by the number
of points in the base Bn supporting a given I2 ber in X^n+1. The multiplicities of the
hypermultiplets in the rst three lines of table 2 readily follow from table 1 and the line
bundles in (3.17). The multiplicities in the fourth to sixth lines are computed from ta-
ble 1 starting with the corresponding reducible complete intersection and subtracting the
respective irreducible component ai = bi = 0 which is contained in it with the appropriate
multiplicity, that is calculated to be two using the resultant (see [9] for more details on this
method). For example, for the matter with charge ( 2; 1), we compute the resultant of
12 and s3b
2
1   s6a1b1 + s8a21 w.r.t. a1. It has a factor of b21, indicating that a1 = b1 = 0 is
a zero of order two as claimed. Thus we obtain
x( 2; 1) = (2[a1] + [s8])  ([a1] + [a2] + [s8]  [K 1B ])  2x(2;2) ; (4.20)
x( 1; 2) = (2[a3] + [s8])  ([a1] + [a3] + [s8]  [K 1B ])  2x(0;2) ; (4.21)
x( 1;1) = (2[a2] + [s8])  ([a2] + [a3] + [s8]  [K 1B ])  2x(2;0) ; (4.22)
which precisely reproduces the fourth to sixth line of table 2 employing (3.17).
For the computation of the multiplicity x(1;1) of the hypermultiplets with charges (1; 1),
we instead use the ideal (4.19) in [9], that is hg09; g6i, with the coecients si ! ~si according
to (3.13).8 We calculate x(1;1) by subtracting unwanted irreducible components with their
appropriate multiplicities. These are computed using the resultant as outlined before. Due
to computational limitations we have to use random numbers for those coecients si, aj ,
bj which are not the variables on which the resultant depends. We obtain
x(1;1) = ([g
0





8])  ([a41a2b3s28])  2x(2;0)   8x( 2; 1)   4x( 1; 2)   20x( 2; 2) ;
which yields precisely line seven in table 2 using (3.17).


















( 2; 2) x( 2; 2) = [a1]  ([a1] + [s8] +KB)
(2; 0) x(2;0) = [a2]  ([a2] + [s8] +KB)
(0; 2) x(0;2) = [a3]  ([a3] + [s8] +KB)
( 2; 1) x( 2; 1) = [s8]  ([s8] + [a1] + [a2] +KB) + 2[a1]  [a2]
( 1; 2) x( 1; 2) = [s8]  ([s8] + [a1] + [a3] +KB) + 2[a1]  [a3]
( 1; 1) x( 1;1) = [s8]  ([s8] + [a2] + [a3] +KB) + 2[a2]  [a3]
(1; 1)
x(1;1) =  KB  (16[a1] + 9[s8])  4[a1]  ([a1] + [a2])
+2[a3]  ([a2]  2[a1])  (8[a1] + [a2] + [a3])  [s8]  3[s8]2
(1; 0)
x(1;0) =  KB  (16[a2] + 9[s8])  4[a2]  ([a2] + [a3])
+2[a1]  ([a3]  2[a2])  ([a1] + 8[a2] + [a3])  [s8]  3[s8]2
(0; 1)
x(0;1) =  KB  (16[a3] + 9[s8])  4[a3]  ([a2] + [a3])
+2[a1]  ([a2]  2[a3])  ([a1] + [a2] + 8[a3])  [s8]  3[s8]2

















Finally, the multiplicities of the hypermultiplets with charges (1; 0) and (0; 1) are calcu-
lated from the ideals in the last two lines of table 2 after subtracting, with the right degrees,
the components corresponding to the other charged hypermultiplets. The multiplicities of
the hypermultiplets with charges (1; 0) and (0; 1) are
x(1;0) =[yQ][z4Qf+3x2Q] 16x(2;0) 16x( 2; 1) x( 1; 2) 16x( 2; 2) x( 1;1) x(1;1) (4.24)
and
x(0;1) =[yR]  [z4Rf+3x2R] x( 2; 1) 16x(0;2) 16x( 1; 2) 16x( 2; 2) x( 1;1) x(1;1) ; (4.25)
where the latter can also be obtained from x(1;0) using the symmetry Q$ R, as expected.
Employing (3.17), we obtain the last two lines of table 2.
We conclude by discussing anomaly cancellation in 6D. Using the charges and their
respective multiplicities in table 2, we proceed to calculate the anomalies of the Abelian
theory following [36, 37] (we omit the details of this calculation). The only piece of in-
formation missing are the coecients bmn of the Green-Schwarz counterterms. They are
calculated by the Neron-Tate height pairing as
bmn =  ((s^m)  (s^n)) (4.26)
where  is the Shioda map which maps sections to elements in H(1;1)(X^n+1) [4, 55, 57],
and the map  is the projection operator to homology H(1;1)(Bn) of the base. The Shioda
map for a section s^m with divisor class Sm reads explicitly
(s^m) = Sm   SP   [K 1B ]  (Sm  SP ) ; (4.27)
thus, the Green-Schwarz counterterms are
bmn =
 
2((SQ  SP ) KB) (SQ  SP + SR  SP   SQ  SR) KB




The divisor classes (Sm Sn) are precisely the classes of the respective constraint in (3.6),
which are just the classes of ij dened in (4.1). Using (3.17), we obtain the following
Neron-Tate height pairing matrix:
bmn =
 
2([a1] + [b2] + [s8]) 2[a1] + [s8]




Finally, using the full spectrum and the coecients bmn, we conrm that all anomalies
are canceled by a generalized Green-Schwarz mechanism in 6D (refer e.g. to [36, 37] for a
review on Abelian anomalies).
4.2.2 Specialized model
Next, we turn to the specialized model dened by (3.8). Its I2 bers and spectrum of


















(2; 0) x(2;0) = [a2]  ([a2] + [s8] +KB)
(0; 2) x(0;2) = [a3]  ([a3] + [s8] +KB)
( 2; 1) x( 2; 1) = [s8]  ([a2] + [s8] +KB)
( 1; 2) x( 1; 2) = [s8]  ([a3] + [s8] +KB)
( 1; 1) x( 1;1) = [s8]  ([a3] + [s8] +KB) + [a2]  (2[a3] + [s8])
(1; 1)
x(1;1) =  9KB  [s8] + 2[a2]  [a3]
 ([a2] + [a3])  [s8]  3[s8]2
(1; 0)
x(1;0) =  KB  (16[a2] + 9[s8])  4[a2]  ([a2] + [a3])
 (8[a2] + [a3])  [s8]  3[s8]2
(0; 1)
x(0;1) =  KB  (16[a3] + 9[s8])  4[a3]  ([a2] + [a3])
 ([a2] + 8[a3])  [s8]  3[s8]2
Table 3. Matter spectrum of the simplied model X^n+1 with a1 = 1 and b1 = 0.
a1 = 1, b1 = 0. We obtain the results summarized in table 3. We note that the matter
elds with charge ( 2; 2) in table 2 are not present due to [a1] = 0. Again, we can
summarize the spectrum in table 3 by drawing the charge lattice of the theory, giving the
spectrum shown in gure 3, corresponding to a Higgsed SU(2)  SU(2)  SU(3) model
without symmetric SU(3) matter.
Anomaly cancellation can be readily checked using the spectrum in table 3 and using
the anomaly coecients bmn in (4.28) for [a1] = 0.
4.3 Comparison with matter in dP2-elliptic brations
We conclude by continuing the discussion of section 3.4 on the connection between the
models Xn+1 and dP2-elliptic brations, now at the level of the matter spectrum.
First, we recall that a1 and b2 have to be non-vanishing constants in a dP2-elliptic
bration. Thus, the representations with charges (2; 0), ( 2; 1) and ( 2; 2) in table 2
are not realized. These are the representations related to the collision of the sections s^Q
and s^P , which, however, is impossible for an elliptic ber in dP2. Drawing all the charges
in a two-dimensional lattice yields gure 7. A quick glance at this picture makes it clear
why a complete unHiggsing of the dP2-model to the gauge groups SU(2)SU(2) and SU(3)
with more than one adjoint is not feasible: the representations (2; 0) and (2; 1), which
come from the SU(2) or SU(3) adjoints, respectively, are not present.
As mentioned in section 3.4, there are dP2-models which are not accessible from special-
izations of Xn+1, as the eectiveness constraints in the latter models are more constraining
than in the former. To see this, let us set the classes [a1] = 0 and [b2] = 0 in (3.19). Once
these constraints are imposed, the eectiveness condition [b1]  0 and [a2]  0 automati-
cally forces the constraints [s8] =  KB, [a2] = 0 and [b1] = 0, restricting the set of possible
models to a one-parameter family parametrized by the degree of [a3]. However, it has

















Figure 7. Weight lattice of charges of the U(1)U(1) theory obtained from dP2-elliptic brations.
The origin of the lattice is indicated by a circle.
Thus, we only obtain a subset of models by specializing Xn+1. These models, however,
admit unHiggsings to SU(3) SU(2) on s8 = 0 and a3 = 0, respectively, along the lines of
section 5.
More concretely, specic examples of dP2-brations over P2 and P3 were listed in gure
2 in [10] and table 2.3 in [11]. In those cases it was shown that the complex structure moduli
space is stratied, with integral points in a two-dimensional polygon corresponding to the
dierent strata. Let us compare the models obtained from Xn+1 through the specialization
[a1] = 0 and [b2] = 0, with the models obtained from dP2-brations over P2. Imposing
these specializations in the Calabi-Yau manifolds Xn+1, we obtain only ve dierent models
labelled by the dierent values of [a3]:
[a2] [a3] b2 b3 s1 s2 s3 s5 s6 s8
0 0 0 0 9 6 3 6 3 3
0 1 0 1 7 5 3 5 3 3
0 2 0 2 5 4 3 4 3 3
0 3 0 3 3 3 3 3 3 3
0 4 0 4 1 2 3 2 3 3
(4.30)
In contrast, there are 31 dP2-elliptic brations over P2. We can draw all the models in a
two-dimensional diagram, with axes given by the values of na3 and nb3 where we expanded
[a3] := na3HB and [b3] = nb3HB with HB the hyperplane in P
2.9 We obtain gure 8. As
indicated here, only the subset of models on the diagonal is described by models Xn+1 with
[a1] = [b2] = 0.
5 UnHigssing two U(1)'s in F-theory
In this section, we discuss the unHiggsing of Abelian to non-Abelian gauge symmetries
for the case of two U(1) factors. We distinguish between rank-preserving unHiggsings to
non-Abelian groups with adjoints and unHiggsing with rank enhancement to non-Abelian
groups that do not necessarily have adjoints. In the latter case, there are situations when
the additional non-Abelian groups are spectators to a rank-preserving unHiggsing of the
U(1)'s and other situations when the additional groups are involved in the unHiggsing of
the Abelian theory.

















Figure 8. Region of allowed dP2 brations over P2. The set of models obtainable by specializ-
ing (3.4) is given by the ve encircled points.
We rst discuss the general geometrical unHiggsing procedure in section 5.1. Then we
apply this to the particular case of our Abelian model Xn+1 in sections 5.2, 5.3 and 5.6
and discover an unHiggsing to a model with SU(2)SU(2)SU(3) gauge group and no
U(1)'s. In section 5.4 we analyze its Weierstrass form which we use in section 4.2 to derive
the full matter spectrum. We put special emphasis on the emergence of the symmetric
representation 6 of SU(3). In section 5.7 we relate the appearance of this new matter
representation to an ordinary double point singularity on the SU(3) divisor which can not
be deformed,
5.1 UnHiggsing in the complex structure moduli space
We begin with a discussion of the general geometrical procedure underlying the unHiggs-
ing of a U(1) gauge symmetry in F-theory. We put special emphasis on rank-preserving
unHiggsings because they have a clear geometric interpretation as a transition of a rational
section to a Cartan divisor.
The unHiggsing process of an F-theory compactication with U(1)k gauge symmetry
can be understood geometrically as a transition from one Calabi-Yau manifold X
(k)
n+1 with
a rank k MW-group to another Calabi-Yau manifold X
(k0)
n+1 with a lower rank MW-group,
k0 < k. The manifold X(k
0)
n+1 is reached via a tuning of the complex structure of X
(k)
n+1 so that
two rational sections are placed on top of each other, i.e. dene maps from the base Bn to
the same point in the elliptic ber E . In this process certain codimension two singularities,
typically of Kodaira type I2, that the bration of X
(k)
n+1 exhibits as a consequence of the
presence of U(1)'s and that give rise to U(1)-charged matter in F-theory (cf. section 4)
are promoted to codimension one singularities of X
(k 1)
n+1 . Repeating such tunings of the
complex structure until all sections are placed on top of each other we eventually obtain a
Calabi-Yau manifold X
(0)
n+1 with trivial MW-group, i.e. no abelian gauge group factors.
The structure of the codimension one singularities of the elliptic bration of X
(0)
n+1
encodes the original Abelian gauge theory of F-theory on X
(k)
n+1 in terms of a non-Abelian

















U(1) has been analyzed in [14] and is reviewed in section 2.1. It has been shown that every
model with a U(1) can be unHiggsed to a model with SU(2) or larger non-Abelian gauge
group, although in some cases, particularly when there are additional non-Abelian factors
present before the unHiggsing, the unHiggsed model can develop singularities. UnHiggsing
of toric models with up to three U(1)'s to (SU(2)2  SU(4))=Z2 and SU(3)3=Z3 have been
found in [32]. In general, one naturally expects that the minimal rank of the gauge group
G is at least k, so that by Higgsing e.g. via adjoints we can recover the full Abelian gauge
group U(1)k. However, for some abelian theories the rank of G has to be larger depending
on the matter spectrum of the original Abelian theory. Theories with a suciently simple
spectrum unHiggs to a group G of rank k, where the Higgs is in the adjoint, whereas
theories with a more complex spectrum including matter of higher charges require G of
rank greater than k and Higgses in other representations, e.g. the (bi-)fundamental.
The preceding discussion is general and thus should apply to elliptic brations with
an arbitrary number of rational sections. For the rest of this section, however, we work
explicitly in the specic context of the three section bration Xn+1 dened by (3.4), i.e. we
identify X
(2)
n+1  Xn+1. We establish the following picture for unHiggsing F-theory mod-
els with U(1)2 gauge symmetry obtained from these general elliptic brations Xn+1. In
agreement with the expectation from eld theory, cf. section 2, we demonstrate that, in-
deed, for suciently simple Abelian models the minimal rank of G is k = 2. This leads to
two natural classes of models that admit a rank-preserving unHiggsing of U(1)2 either to
SU(2)SU(2) or to SU(3) on base divisors supporting adjoints, i.e. divisors in classes of the
form  KB+Z for an eective divisor Z in Bn. There are, however, many models with U(1)2
gauge group that due to the complexity of their matter spectrum require the introduction
of additional non-Abelian groups in the unHiggsed geometry; the resulting non-Abelian
models, typically have rank-reducing Higgses in (bi-)fundamental representations.
We demonstrate furthermore, in accord with the discussion of section 2, that the non-
Abelian gauge symmetry underlying a large class of models with U(1)2 gauge symmetry
realized via X
(2)
n+1 via a complete unHiggsing is given by
Guni = SU(2) SU(2) SU(3) : (5.1)
The minimal non-Abelian gauge group can be even larger, as in the case of a single U(1),
in degenerate cases where the non-Abelian factors can be thought of as living on reducible
divisors. We also show that in some cases the unHiggsing is not unique and multiple
dierent gauge groups G can be obtained, some of which can exceed Guni even if others
do not.
5.2 Geometrical unHiggsing of one of the U(1)'s
Following the discussion of the previous subsection, we wish to unHiggs the U(1)2 gauge
group of F-theory compactied on Xn+1 by reducing its Mordell-Weil group through an
appropriate tuning of its complex structure.
Given the elliptically bered CY-manifold Xn+1 in the form (3.4), we recall that two of

















Figure 9. Tuned elliptic curve E with P = Q yielding an elliptic bration with rank one Mordell-
Weil group.
in the rst line of (3.6) is obeyed. For instance, in order to achieve s^P = s^Q we have to
demand P = Q in the elliptic ber E as shown in gure 9. This is achieved by choosing
the complex structure of Xn+1 such that
12 = a1b2   a2b1  0 ; (5.2)
where we have used the denition (4.1).
There are a number of ways in which (5.2) may be realized. We list some of the main
possibilities:
A) One simple way in which (5.2) may be satised is if the divisor class [a2]   [a1] is
eective. In this case, we can introduce a section 1 of the line bundle
1 2 O([a2]  [a1]) ; (5.3)
and impose the condition
(a2v + b2w)
!
= 1(a1v + b1w) : (5.4)
We then have a2 = 1a1; b2 = 1b1 and (5.2) is satised. This possibility is available
in many of the simplest cases, such as when [a1] = 0 (then we can also shift v so
that b1 = 0; the solution to (5.2) is then b2=0), or for example on the base P2, where
all divisors are multiples of the line HB so we can simply order [a2] > [a1]. As we
show explicitly in the next section, this choice of tuning leads to an unHiggsing of the
U(1) associated to s^Q to a non-Abelian group SU(2)SU(2). This leads directly to a
general unHiggsing of the two U(1) model that matches nicely with the eld-theoretic
discussion of section 2
B) In some situations, neither [a2]   [a1] or [a1]   [a2] is eective, but the ring of func-
tions/sections is a UFD, so that we can solve (5.2) by taking
a1 = AB; b2 = CD; a2 = AC; b1 = BD : (5.5)
In this situation we again get an unHiggsing of one U(1) to SU(2)SU(2), on the

















C) Even if the ring is not a UFD, there can be situations where (5.2) can again be solved
for nonzero functions a1; a2; b1; b2. This unHiggsing gives only a single SU(2) on
fu(0; b1; a1) = 0 with fu dened in (4.5).
D) Finally, there are situations where there are no solutions of (5.2) for a1; a2; b1; b2 all
nonzero. For example, if the base is dP3, where the cone of eective curves is gen-
erated by three exceptional curves E1; E2; E3 from blowing up three points on P2,
and three lines L12; L23; L13 that connect the points, we may have [a1] = E1; [b2] =
L12; [a2] = L23; [b1] = E3. In this case even though the divisor classes are equivalent,
[a1b2] = [a2b1], there is no way to solve (5.2), since e.g. a1 must vanish on the rigid
curve E1, but a2; b1 cannot.
Even in this type of situation, however, there is a solution of (5.2), which is in fact
available for all possible bases and choices of [ai]; [bi]. We can set e.g. b2 = b1 = 0, which
immediately leads to a solution of (5.2). While this tuning can be carried out in any of
the possible U(1)2 models, even when the tuning of type (A) above is not available, we can
relate this to a special case of the tuning (A) by taking the tuning in two steps. First, we
can tune b1 = 0. This sets v1 = a1v, so that the equation
ufu = a1vv2v3 (5.6)
develops an I2 singularity on the locus a1 = 0. We may then, however, move the factor of
a1 into v2, dening a new model with ~a2 = a1a2, ~b2 = a1b2 and ~a1 = 1. This then becomes
a special case of a geometry where (A) is available, since ~a1 = 1, though the UnHiggsing
through (A) leads to an extra SU(2) factor since ~a2 is a reducible polynomial.
In the remainder of this section we focus on approach (A) to unHiggsing, since not only
is it relevant in the clearest and simplest cases, but through the mechanism just mentioned
it also covers the completely general case (D), albeit at the cost of producing an additional
SU(2) factor due to reduciblity of ~a2.
5.3 Unhiggsing both U(1)'s
We now describe the process of unHiggsing both U(1) factors in a situation where approach
(A) can be done in both cases. This is the situation, for example, on the base P2, or if
one of the ai is in the trivial class [a1] = 0. More generally, it is possible to do this
whenever [a2]  [a1] and [a3]  [a1] are both eective. In a general situation where a direct
application of (A) is not possible in both cases, as discussed above we can unHiggs by rst
setting b1 = 0 and then considering two applications of (A), using the redenitions
~a1 = 1; ~a2 = a1a2 (5.7)
where ~a2 is a reducible divisor. In the discussion here we assume that the direct application
of (A) can proceed in both cases; other situations such as those where only the unHiggsing

















As discussed above, we begin by solving (5.2) by setting v2 = 1v1. Plugging this into
the CY-equation (3.4) for Xn+1 we obtain
p = ufu(u; v; w) + 1(a1v + b1w)
2(a3v + b3w) ; (5.8)
where the polynomial fu is dened in (4.5).
Clearly, this tuned elliptic bration is singular at codimension one. We immediately
observe the I2 ber ufu = 0, corresponding to an SU(2) gauge group in F-theory, at the
divisor 1 = 0 in Bn, which we simply denote by 1. It is in the class
SU(2) : [1] = [a2]  [a1] : (5.9)
This I2 ber is already resolved in the P2 model (3.4). In addition, (5.8) is the equation
of an (unresolved) A1-singularity at u = fu = a1v + b1w = 0, i.e. a Kodaira singularity of
type I2, corresponding to another SU(2) gauge group in F-theory. It is localized along the
codimension one locus in Bn given by
t := s3b
2
1   s6a1b1 + s8a21 = 0 ; (5.10)
which is simply fu(0; b1; a1) = 0. Denoting the divisor t = 0 by abuse of notation by t
we note that its divisor class is
SU(2) : [t] = [s8] + 2[a1] =  KB + [a1] + [b1] ; (5.11)
where we used (3.17). We emphasize, that the divisor t has an ordinary double point
singularity at a1 = b1 = 0 that can give rise, as we will see below, to symmetric matter
representations in an F-theory model.
Thus, in summary we have found the following F-theory gauge group for the tuned
model where we have unHiggsed the rst U(1) associated to s^Q:
G = SU(2) SU(2)U(1) : (5.12)
We note that the U(1) associated to the section s^R remains. Thus, we denote the tuned
geometry (5.8) by X
(1)
n+1, indicating the rank of its remaining MW-group.
The complete unHiggsing of the theory is achieved by tuning the complex structure of
X
(1)
n+1 further so that the rational point R is placed on top of the points P = Q in the ber
E . To this end, we have to impose according to (3.6)
13 = a1b3   a3b1  0 ; (5.13)
where we again used the denition (4.1). Assuming again that we can apply procedure
(A), where [a3]  [a1] is eective, we take
a3v + b3w
!
= 2(a1v + b1w) ; (5.14)
so that (3.4) reduces to


















As before, we denote the divisor 2 = 0 simply by 2. The line bundles associated to the
sections 1, cf. (5.3), and 2 in summary read
1 2 O([a2]  [a1]) 2 2 O([a3]  [a1]) : (5.16)
The tuned model has trivial MW-group and is denoted by X
(0)
n+1. Its elliptic bration
has Kodaira bers of type I2 of the form ufu = 0 at the two codimension one loci 1 = 0
and 2 = 0 in Bn. In addition, the I2-singularity of (5.8) on the divisor t = 0 in (5.11) is
enhanced to an I3 singularity since (5.15) has an A2-singularity at u = fu = a1v+b1w = 0.
We will show later in section 5.7 that this is an Is3-singularity, yielding an SU(3) gauge
group in F-theory. We note that the presence of the ordinary double point singularity on
t will be crucial. In summary, the divisors of all three codimension one singularities are
SU(2) : [1] = [a2]  [a1] ;
SU(2) : [2] = [a3]  [a1] ; (5.17)
SU(3) : [t] = [s8] + 2[a1] :
In summary, the total gauge group of the unHiggsed theory is
Guni = SU(2) SU(2) SU(3) : (5.18)
We see that, indeed, all abelian factors have been enhanced to a non-Abelian gauge sym-
metry. We emphasize that this is the generic maximal gauge group that can be present
after imposing the tunings (5.2) and (5.13), modulo the possibility that one or more of the
divisors 1; 2; t may be reducible as mentioned at the end of section 5.2. For a particu-
lar gauge group factor in Guni to be actually present in a given model requires that the
corresponding divisor class in (5.17) is non-trivial. Clearly, this depends on the choices of
divisor classes [ai], i = 1; 2; 3, and [s8] in (3.17) entering the denition of the CY-manifold
Xn+1. Furthermore, the particular embedding of the two U(1)-factors of F-theory on Xn+1
into Guni depends on this choice as well. We will analyze the dierent cases in the following
section, starting with the simplest cases where the two U(1)'s are embedded as the Cartan
generators of SU(2)  SU(2) or SU(3), before we focus on more complicated cases, where
the U(1)'s can also be embedded into a linear combination of Cartan generators of dierent
group factors in Guni.
The specialized model. Before continuing with the discussion of the details of the
unHiggsed model X
(0)
n+1, let us pause by analyzing the important specialized model (3.8)
with a1 = 1 and b1 = 0 in some detail. The tunings (5.2) and (5.13) of the general model
simplify in this case to
b2 = b3 = 0 (5.19)
yielding the elliptic curve
p = ufu(u; v; w) + a2a3v
3 : (5.20)
Clearly, this is identical to (5.15) with 1  a2, 2  a3 (and a1 = 1, b1 = 0) in the above

















xed b1 = 0 and performed the eld redenitions (5.7). The gauge group of the low energy
eective theory is again SU(2)SU(2)SU(3) supported on the following divisors
SU(2) : [a2] ; SU(2) : [a3] ; SU(3) : [t] = [s8] ; (5.21)
where used that t in (5.10) reduces to s8 in the limit a1 = 1, b1 = 0.
5.4 Weierstrass model from unHiggsing the general U(1)2 model
We obtain the Weierstrass form of the Calabi-Yau manifold X
(0)
n+1 of the unHiggsed theory
by inserting the tunings (5.4) and (5.14) into the general Weierstrass form of Xn+1 in





























































where we recall the denitions of the variables 1, 2 and t in (5.8), (5.14) and (5.10),
respectively.
We note that f and g do not vanish at any common codimension one locus, while the
discriminant vanishes to order two and three at 1 = 0, 2 = 0 and t = 0, respectively,
indicating two I2 and one I3 singularities. This can be seen by computing  = 4f
3 + 27g2





where 0 denotes the I1 locus of the discriminant.
The Weierstrass model (5.22) matches precisely the general form (B.1) of a Weierstrass




i of the form
a
(0)
1 = s6 ; a
(0)
2 =  s3s8 ;
a
(1)
3 = (b1s2   a1s5)t ; a(1)4 = (b1(s3s5   s2s6) + a1s2s8)t ; a(2)6 =  s1t3 : (5.24)
Thus, we conrm the presence of the gauge algebra su(2)  su(2).
Clearly, the Tate coecients (5.24) do not have the correct orders of vanishing at t = 0,
namely (0; 1; 1; 2; 3), required for an Is3 singularity in Tate's algorithm [58] In addition, the
leading terms of the t-expansion of both f and g in the Weierstrass form (5.22) deviate
from that of a standard Is3 singularity at t = 0 given in (B.11). This naively seems to
imply that there is a monodromy acting on the ber so that we have an Ins3 singularity at
t = 0, corresponding to an su(2) gauge algebra. However, due to the singularity structure
of the divisor t = 0 and the subtle link to the form of f , g, the singularity is indeed an Is3

















We just emphasize here that even for factoring out t3 in  we had to exploit the special
form of t in terms of the sections si, a1 and b1 given in (5.10). In fact, if we had just used
the general form (5.22) of the Weierstrass model for generic t we would have obtained only
an order two vanishing of  at t = 0.
The specialized model. We obtain the Weierstrass form of the unHiggsed specialized
model in (3.8) directly from the general Weierstrass model (5.22) by setting a1 = 1, b1 = 0.
In this case, we have 1  a2, 2  a3 and t  s8, cf. (5.8), (5.14) and (5.10), yielding the
Weierstrass form











































We emphasize that (5.25) is simultaneously of the general Weierstrass forms (B.19)
with two I2-singularities at a2 = 0 and a3 = 0 and one I
s
3-singularity at t = 0. The leading







1 = s6 ; a
(1;0)
2 =  s3 ; a(1;1)3 =  s5 ; a(2;1)4 = s2 ; a(3;2)6 =  s1 ; (5.26)
This conrms the presence of an su(2)  su(2) su(3) gauge algebra as claimed in (5.18).
This also ensures that the unHiggsed model X
(0)
n+1 obtained by tuning the complex structure
of Xn+1 reproduces all models with su(2)  su(2)  su(3) gauge algebra where the gauge
factors are tuned on smooth divisors, including the special cases where only an su(2)su(2)
or su(3) gauge algebra are realized, as we will demonstrate in more detail in sections 6.1, 6.2
and 6.3.
5.5 The matter spectrum
We proceed with the determination of the charged matter spectrum of F-theory on the
Calabi-Yau manifold X
(0)
n+1. The following analysis is based on the Weierstrass mod-
els (5.22) for the general and (5.25) for the specialized model.
Clearly, we have bi-fundamental matter at the mutual intersections of 1, 2 and t.
The respective multiplicities are given as the product of the degrees of the two sections
that vanish at the relevant intersection loci. In addition, there is fundamental matter under
each factor of the gauge group in (5.18). The multiplicity of the fundamental matter of
the two SU(2)'s is computed analogous to the multiplicities in (B.9), taking into account
that the class of 0 in (5.23) is changed to
[0] =  12KB   2[1]  2[2]  3[t] ; (5.27)
which follows as [] =  12KB. In addition, we have to subtract the order two loci
4s3s8   s26 = 1 = 0 and 4s3s8   s26 = 2 = 0, respectively, that support singularities of

















The calculation of the multiplicity of the representation 3 of the the SU(3) is performed
as follows. We nd that t = 0 = 0 has two minimal associated prime ideals, one of which
given by
p = fs6b1   2s8a1; 2s3b1   s6a1; s26   4s3s1g : (5.28)
and the second one given by a large ideal J with seven generators. Along the variety V (J),
neither f and g vanish while  vanishes to order four, indicating an I4-singularity, which
signals the presence of fundamental matter. On V (p), the sections f and g both vanish to
order two, while  vanishes to order four, corresponding to a Kodaira bre of type IV not
giving rise to matter elds in F-theory. In addition, we check using the resultant technique
of [9] that V (p) is of multiplicity three inside 0. This allows us to compute the class
[V (J)], i.e. the contribution x0(1;1;3) of I4-singularities to the number of matter elds in the
representation 3. We obtain the multiplicity
x0(1;1;3) = [
0]  3[V (p)] = [t]  ( 9KB   2[1]  2[2]  3[t]) ; (5.29)
where we employed
[V (p)] = ([a1] KB)  ([s8] + [a1])  [a1]  [b1] =  KB  [t] ; (5.30)
using (3.17) and the class of t in (5.11). Here, the rst equality is obtained by multiplying
the degrees of the rst two generators of p, yielding the rst summand, and subtracting
the solution a1 = b1 = 0 which does not satisfy the third generator of p.
In addition, we obtain adjoints for each gauge group. In 6D these are given by the
topological genus of the curve supporting the respective gauge group factor. For the two
SU(2)'s, it agrees with the arithmetic genus (B.4) of the generically smooth curves 1 = 0
and 2 = 0. There is one subtlety regarding the divisor t = 0. Its arithmetic genus is
the sum of the topological genus and the number [a1]  [b1] of double points. The matter
supported at these double points pg can be either in the adjoint or symmetric plus anti-
symmetric representations, depending on the global properties of the resolution [42]. As
we will argue in section 5.7, in the case at hand we have symmetrics plus anti-symmetrics.
Thus, we have a number of [a1][b1] additional matter elds in the representations (1;1;3)+
(1;1;6). Accordingly, the number of adjoints x(1;1;8) of the SU(3) in 6D is given by
x(1;1;8) = pg =
1
2
[t]  ([t] +KB) + 1  [a1]  [b1] : (5.31)
We summarize the full spectrum of the unHiggsed model (5.15) in table 4 where we
used the divisor classes of t, 1 and 2 given in (5.17) and denote matter multiplicities in
a representation R by xR.
Next, we readily check that all 6D anomalies are canceled for the spectrum in table 4,
see e.g. [59] for a review of 6D anomalies from an F-theory perspective. This is a crosscheck
of the geometrical analysis of the unHiggsed model X
(0)
(n+1).
Finally, we observe that the matter multiplicities in table 4 of the unHiggsed theory are
related to those in table 2 of the abelian theory. We readily obtain the following relations


















(1;1;6) x(1;1;6) = [a1]  ([t] +KB   [a1])
(2;2;1) x(2;2;1) = [1]  [2]
(2;1;3) x(2;1;3) = [1]  [t]
(1;2;3) x(1;2;3) = [2]  [t]
(2;1;1) x(2;1;1) = [1]  ( 8KB   2[1]  2[2]  3[t])
(1;2;1) x(1;2;1) = [2]  ( 8KB   2[1]  2[2]  3[t])
(1;1;3) x(1;1;3) = [t]  ( 9KB   2[1]  2[2]  3[t]) + x(1;1;6)
(3;1;1) x(3;1;1) =
1
2 [1]  ([1] +KB) + 1
(1;3;1) x(1;3;1) =
1
2 [2]  ([2] +KB) + 1
(1;1;8) x(1;1;8) =
1
2 [t]  ([t] +KB) + 1  x(1;1;6)
Table 4. Matter spectrum of the unHiggsed model X
(0)
n+1. The multiplicity of adjoints in 6D is
included for completeness.
x( 2; 2)=x(1;1;6) ; x(2;0)=x(2;1;3) + 2x(3;1;1) + x(1;1;6)   2 ;
x(0;2)=x(1;2;3)+2x(1;3;1)+x(1;1;6) 2 ; x( 2; 1) = x(2;1;3) + 2x(1;1;8) 2 ;
x( 1; 2)=x(1;2;3)+2x(1;1;8) 2 ; x( 1;1)=2x(2;2;1)+x(2;1;3)+x(1;2;3)+2x(1;1;8) 2 ;
x(1;0) = x(1;2;3) + 2x(2;1;1) + x(1;1;3) + x(1;1;6) ;
x(0;1) = x(2;1;3) + 2x(1;2;1) + x(1;1;3) + x(1;1;6) ;
x(1;1) = 2x(2;2;1) + x(2;1;3) + x(1;2;3) + x(1;1;3) + x(1;1;6) : (5.32)
Here we used (5.17) to express the divisor classes of 1, 2 and t in terms of the classes [ai]
with i = 1; 2; 3 and [s8]. These relations have a clear interpretation if we Higgs the non-
Abelian theory back to the abelian one dened by Xn+1. Indeed, we can view these relations
in terms of the Higgsing by at least two bi-fundamentals (1;2;3) and (2;1;3) each as dis-
cussed in section 6. Then we employ the branchings of representations in (2.7), (2.8), (2.9)
and (2.10) to obtain the spectrum the relations (5.32). Note that we have to subtract
2 as two states with charges (2; 1), (1; 2) and ( 1; 1), respectively, inside the two bi-
fundamentals are eaten up by the massive gauge bosons. Alternatively, we can view the
relations (5.32) as encoding the combination of Higgsings on adjoints of SU(2)SU(2) and
at least two fundamentals of an unbroken SU(3) or adjoints of SU(3) and at least two
fundamentals of the unbroken SU(2)SU(2). Both point of views will be crucial below in
section 6.
The specialized model. The matter spectrum of the specialized Calabi-Yau manifold
after unHiggsing as given in (5.20) follows directly from that of the general model in table 4
by setting [a1] = 0. This yields the spectrum in table 5, where we note that [1] = [a2],


















(2;2;1) x(2;2;1) = [a2]  [a3]
(2;1;3) x(2;1;3) = [a2]  [s8]
(1;2;3) x(1;2;3) = [a3]  [s8]
(2;1;1) x(2;1;1) = [a2]  ( 8KB   2[a2]  2[a3]  3[s8])
(1;2;1) x(1;2;1) = [a3]  ( 8KB   2[a2]  2[a3]  3[s8])
(1;1;3) x(1;1;3) = [s8]  ( 9KB   2[a2]  2[a3]  3[s8])
(3;1;1) x(3;1;1) =
1
2 [a2]  ([a2] +KB) + 1
(1;3;1) x(1;3;1) =
1
2 [a3]  ([a3] +KB) + 1
(1;1;8) x(1;1;8) =
1
2 [s8]  ([s8] +KB) + 1
Table 5. Matter spectrum of the unHiggsed specialized model X
(0)
n+1. The multiplicity of adjoints
in 6D is included for completeness.
We emphasize that this agrees precisely with the spectrum of a general Weierstrass
model with two I2 and one I3 singularity found in appendix B.3. This is not surprising since
we already observed in (5.26) that the unHiggsed specialized model reproduces precisely
the most general Weierstrass model (B.19) with these singularities.
Comparing with the spectrum in table 4, we note that the main dierence of the
spectrum in table 5 is the absence of the symmetric representation (1;1;6) of the SU(3).
This is due to the fact that the divisor s8 = 0 supporting the SU(3) gauge theory is
smooth. Furthermore, the range of allowed values for [ai], i = 2; 3, and [s8] is larger in the
specialized compared to the general model, due to dierent eectiveness constraints. This
yields dierent matter multiplicities in the unHiggsed specialized model.
We conclude by noting that the relations (5.32) also hold for the specialized models,
i.e. we can use table 5 to precisely reproduce the spectrum of the specialized abelian model
in table 3. As before these relations encode the possibility of Higgsing the non-Abelian
model in dierent ways back to the abelian model.
5.6 Special unHiggsings: bi ! 0
We have discussed in section 5.2 the possibility of situations where the only possible solution
to 12 = 13 = 0 is given by bi ! 0, for i = 1; 2; 3. As further explained at the beginning
of section 5.3, this can be viewed as a specialized model (3.8) with one reducible coecient
~a2 = a1a2 as in (5.7). This implies that this special unHiggsing, its matter spectrum
and Higgsings back to the Abelian theory Xn+1 is already covered by the discussion in
section 5.5. However it is instructive to spell out some details of this analysis.
We begin by noting that the fully unHiggsed model X
(0)
n+1 with bi ! 0 is described by
ufu + a1a2a3v
3 = 0 ; (5.33)
which has gauge group SU(2)3SU(3), as already seen above. Its Weierstrass form is given
by (B.19), after setting a1 = 1, b1 = 0 and t = s8 and then identifying 1 = a2a1, 3 = a3.




















(2;2;1;1) x(2;2;1;1) = [a1]  [a2]
(2;1;2;1) x(2;1;2;1) = [a1]  [a3]
(1;2;2;1) x(1;2;2;1) = [a2]  [a3]
(2;1;1;3) x(2;1;1;3) = [a1]  [s8]
(1;2;1;3) x(1;2;1;3) = [a2]  [s8]
(1;1;2;3) x(1;1;2;3) = [a3]  [s8]
(2;1;1;1) x(2;1;1;1) = [a1]  ( 8KB   2([a1] + [a2] + [a3])  3[s8])
(1;2;1;1) x(1;2;1;1) = [a2]  ( 8KB   2([a1] + [a2] + [a3])  3[s8])
(1;1;2;1) x(1;1;2;1) = [a3]  ( 8KB   2([a1] + [a2] + [a3])  3[s8])
(1;1;1;3) x(1;1;1;3) = [s8]  ( 9KB   2([a1] + [a2] + [a3])  3[s8])
(3;1;1;1) x(3;1;1;1) =
1
2 [a1]  ([a1] +KB) + 1
(1;3;1;1) x(1;3;1;1) =
1
2 [a2]  ([a2] +KB) + 1
(1;1;3;1) x(1;1;3;1) =
1
2 [a3]  ([a3] +KB) + 1
(1;1;1;8) x(1;1;1;8) =
1
2 [s8]  ([s8] +KB) + 1
Table 6. Matter spectrum of the specialized unHiggsins bi ! 0, i = 1; 2; 3. The multiplicity of
adjoints in 6D is included for completeness.
The matter spectrum of the theory can be computed from analysis of this Weierstrass
form (or 6D anomaly cancellation). It is given in table 6, which is completely symmetric
under an exchange of SU(2)-factors. The multipliticies of bifundamentals and adjoints
follow as before. For the multiplicities of fundamentals, we account for the third SU(2) by
modifying the fourth to sixth lines in table 5 as follows. We just have to take into account in
the parenthesis that we have a reducible a2, i.e. a2 ! a1a2 so that  2[a2]!  2([a1]+[a2]).
The Higgsing to the Abelian model goes in steps. Basically the Higgses are certain
components in all three possible bifundamental representations of one SU(2) and the SU(3).
We obtain
SU(2)a1  SU(2)a2  SU(2)a3  SU(3)s8  ! SU(2)a1  SU(2)a2 U(1)0  SU(2)s8
 ! SU(2)a1 U(1)0 U(1)00 ! U(1)U(1) ; (5.34)
where we have indicated the codimension one loci of the various gauge group factors by a
subscript. Note also that the U(1)'s after the second and third Higgsing are dierent. The
rst Higgsing is performed by the state with Dynkin labels (0; 0; 1; 1; 0) inside (1;1;2;3),
the second Higgsing by the state (0; 1; 0; 0; 1) inside the representation (1;2;2)(0) of the
original (1;2;1;3), and the nal Higgsing by the state (1; 0; 0; 1; 1) inside the 2( 1;1) of
the original (2;1;1;3). Then the nal unbroken U(1) generators are
 = 
(1)



















3 denotes the third Cartan matrix of the i-th SU(2) and  = diag(1; 1; 0),
 = diag(1; 0; 1).10 For these U(1) generators, we see that the states ( 1; 0; 0; 1; 1)
inside (2;1;1;3) and the states (2; 0; 0; 0; 0) inside (3;1;1;1) will have charges ( 2; 2),
i.e. the ( 2; 2) matter arises as some sort of \diagonal adjoint" and the rst SU(2)
SU(3) bifundamental. It does not appear as an ordinary double point singularity of the
SU(3) divisor.
The multiplicities of the Higgsed Abelian theory X(n+1) in table 2 are related to those
of the unHiggsed non-Abelian theory in table 6 by the following relations:
x(0;2) = x(1;1;2;3) + 2x(1;1;3;1)   2 ;
x(2;0) = x(1;2;1;3) + 2x(1;3;1;1)   2 ;
x( 2; 2) = x(2;1;1;3) + 2x(3;1;1;1)   2 ;
x( 2; 1) = x(2;1;1;3) + x(1;2;1;3) + 2x(1;1;1;8) + 2x(2;2;1;1)   2 ;
x( 1; 2) = x(2;1;1;3) + x(1;1;2;3) + 2x(1;1;1;8) + 2x(2;1;2;1)   2 ;
x( 1;1) = x(1;2;1;3) + x(1;1;2;3) + 2x(1;1;1;8) + 2x(1;2;2;1)   2 ;
x(0;1) = 2x(2;2;1;1) + x(2;1;1;3) + x(1;2;1;3) + 2x(1;1;2;1) + x(1;1;1;3) ;
x(1;0) = 2x(2;1;2;1) + x(1;1;2;3) + x(2;1;1;3) + 2x(1;2;1;1) + x(1;1;1;3) ;
x(1;1) = 2x(1;2;2;1) + x(1;1;2;3) + x(1;2;1;3) + 2x(2;1;1;1) + x(1;1;1;3) : (5.36)
This shows that the spectrum of the Abelian model Xn+1 will indeed fall into representa-
tions of SU(2)3  SU(3) after unHiggsing.
5.7 Novel Weierstrass models with Is3 singularities
We conclude the discussion of the tuned Calabi-Yau manifold X
(0)
n+1 by a detailed analysis
of the global structure of its Weierstrass model and the interplay with the singularities of
the divisor t = 0 supporting the I3-singularity.
The central object to distinguish between the split and non-split form of a Kodaira






= 0 : (5.37)
The standard story in F-theory is that we have a split I3, corresponding to an su(3) gauge
algebra, if 9g2f evaluated at t = 0 is a perfect square and otherwise a non-split I3, which
yields just an sp(1) = su(2). This condition is determined locally from the structure of the
Weierstrass model around t = 0. While in most applications considered in the literature
the monodromy can be determined in a straightforward fashion from the geometry using
global considerations, we demonstrate here an example of the subtlety that may arise if
t = 0 is singular and we are not in a unique factorization domain. In the situation we
consider here it turns out that 9g2f is a square locally around t = 0, though this is encoded
in a nontrivial fashion in the algebra.

















Figure 10. Generic (left) and non-generic (right) Ins3 along the divisor t = 0 with normal and
tangential crossing of t = 0 and d = 0, respectively.













It is one key property of the Weierstrass form that this d is at the same time the discriminant
of the divisor t = s8a
2
1   s6a1b1 + s3b21 = 0 viewed as a conic in the variables a1, b1. The
consequences of this coincidence are most obvious by contrasting the geometry at hand
with a generic situation. In general, the intersection points of t = 0 and 9g2f = 0 are the
branch points around which, in a resolution, two nodes in the reducible ber over t = 0
are exchanged by a Z2-monodromy, cf. the left gure in gure in 10. This reduces the
gauge algebra from su(3) to su(2) [61]. In contrast, for the geometry at hand we have
a non-generic divisor t = 0 with double-points at a1 = b1 = 0 and discriminant d = 0,
which agrees with (5.38). Thus, t = 0 intersects d tangentially, i.e. t = d = 0 have only
double zeros, see the right picture in gure 10. This double zero arises since two zeros of
multiplicity one have merged. Furthermore, as the zeros of d = 0 along t = 0 are also the
branch points of the monodromy cover we see that its branch points have come together
in pairs. As the monodromy around a pair of branch points is trivial, no nodes in the
resolution are not interchanged, leaving a full su(3) gauge algebra.
The fact that the divisors d and t intersect only at points of tangency can be seen in a
simple fashion by considering the normal vector to each of the divisors at the intersection



















1 = s6a1b1=2, and
2s8a1 = s6b1; 2s3b1 = s6a1 : (5.40)
We can then relate the dierentials of d and t,
a1b1d(d) = (a1b1)(2s6ds6   4s3ds8   4s8ds3) (5.41)
= ( 2s6)d(t) ; (5.42)
which shows that the normals are proportional and hence the intersection is at a point of
tangency.
We emphasize that it is also this interplay between the structure of f , g and the divisor
t = 0 that does not permit us to deform t so that its ordinary double singularities disappear.

















would only have an order two vanishing of  at t = 0 and just an I2-singularity with an
su(2) gauge algebra, as noted above. If we changed only the Weierstrass form, e.g. by
modifying the leading coecient of f and g, while keeping t unchanged, we might get an
Ins3 and again only an su(2) gauge algebra. Thus, the ordinary double points of t = 0 are
able to support symmetric plus anti-symmetric matter representations, in such a way that
the geometry cannot be deformed to a smooth discriminant locus which would support only
adjoint representations [42]. It is an interesting open question whether symmetric matter
representations can only be formed in this nontrivial algebraic fashion, or may also arise
when smooth divisors are deformed into singular divisors with double point singularities.
Let us conclude by showing in another way that the zeros of t = d = 0 are indeed
double-points. To this end, we dene the ideal
I := ft; dg = fs8a21   s6a1b1 + s3b21; s26   4s3s1g ; (5.43)
Generically, there would be deg(t)  deg(d) =  2KB  ([s8] + 2[a1]) points of multiplicity
one in the vanishing set V (I). Computing the primary decomposition of I we obtain only
one prime ideal p that is given in (5.28), showing the irreducibility of V (I). However,
the corresponding variety V (p) has multiplicity two inside V (I) as can be seen using the
resultant technique [9]. In other words V (I) consistent only of points of multiplicity two,
i.e. double zeros. Their number is computed by the class
[V (p)] =  KB  ([s8] + 2[a1]) = 1
2
deg(t)  deg(d) (5.44)
according to (5.30), which is half the product of the degrees of t and d as expected.
Performing a local computation around an intersection point in V (p), we can show
explicitly that the tangents of t = 0 and d = 0 become parallel when they intersect. This
implies that locally around intersection points with t = 0, the constraint d becomes a perfect
square to leading order, so that the monodromy cover (5.37) is reducible, corresponding to
a Kodaira singularity of type Is3.
6 UnHiggsing of two U(1)'s: concrete examples
In this section we systematically describe examples of the unHiggsing of two U(1) factors.
Following the spirit of section 2, we discuss rst the rank-preserving unHiggsings to SU(2)
 SU(2) and SU(3), and then those to a fully edged SU(2)  SU(2)  SU(3) hybrid model.
The discussion here is based on the unHiggsings of type A described in the previous section;
in the completely general cases where approach A cannot be used directly, as discussed
earlier we can unHiggs using approach D, giving a model which is equivalent to one with
unHiggsings of type A but with a reducible divisor ~a2.
6.1 UnHiggsing of two U(1)'s to SU(2)SU(2)
We begin with the discussion of Abelian F-theory models that admit an unHiggsing to

















of SU(2)SU(2) in the adjoint Higgsing
U(1)U(1) adjoints
b2; b3!0
// SU(2) SU(2) :oo (6.1)
As we will show below, these Higgsings occur only for certain Calabi-Yau manifolds Xn+1
with b1 = 0 and [a1] = 0, i.e. cases that are included in the specialized model of section 3.1,
if we tune b2; b3 ! 0 as indicated. In addition, we have to have [a2]; [a3]   KB, which
ensures the presence of adjoints of the two SU(2)'s on these divisors, and [s8] = 0, which
is required to guarantee the absence of the additional SU(3) gauge group.
6.1.1 Geometric discussion
To proceed more explicitly, we rewrite the eectiveness condition for the section s1 in (3.17)
in terms of the classes of 1, 2 and t dened in (5.17) as
  6KB   2[1]  2[2]  3[t]  0 : (6.2)
From this it is clear that the two SU(2)'s can only both carry adjoints, which is the case if
[1], [2] are of the form  KB +Z for an eective class Z, if the class of t is strictly smaller
than  KB. As [t]   KB by (5.11) unless b1  0 (the choice a1  0 is equivalent under
v $ w), which also imposes [a1] = 0 by the assumption of a smooth Abelian model,11 we
conclude that only the specialized models (3.8) can admit an unHiggsing to two SU(2)'s
with adjoints. In this case we have 1  a2, 2  a3 and the Calabi-Yau manifold X(0)n+1
describing the unHiggsed theory is given by (5.20).
In order to have a clear unHiggsing to two SU(2)'s we have to require [s8] = 0 so that
the SU(3) in Guni is absent. Then the two parameters b2 and b3 that are switched o in
the tuning (5.19) triggering the unHiggsing obey the relation
[bi] = [ai] +KB ; i = 2; 3 (6.3)
as follows from (3.19). Thus, the number of independent VEVs of the 1+ 12 [ai]  ([ai]+KB)
adjoint Higgses agrees precisely with the number of monomials in the respective bi that is
tuned for the unHiggsing, as can be seen on a concrete base, e.g. Bn = P2.
Geometrically, the unHiggsing (6.1) corresponds to a transition of the generators of
the Mordell-Weil group of Xn+1 corresponding to the U(1)'s into the Cartan divisors of
the two I2-singularities supporting the SU(2) gauge groups. In other words, a horizontal
divisor given by a section of the elliptic bration of Xn+1 is transformed into a vertical
divisor in X
(0)
n+1 localized at a codimension one locus in the base Bn .
In the Weierstrass form, the unHiggsing b2, b3 ! 0 of the Abelian theory produces
the model (5.25). As pointed out earlier it precisely agrees with the general Weierstrass
model (B.19) with two I2- and one I
s
3-singularities. If we set [s8] = 0 the I
s
3-singularity is
absent and we simply reproduce the most general model with two I2-singularities, cf. (B.1),
with the identication
 = a2 ;  = a3 : (6.4)
This direct matching of Weierstrass models with two I2 singularities ensures that any such
model can be obtained by unHiggsing our Abelian model dened via Xn+1.

















6.1.2 UnHiggsing from matching of spectra
Next, we note that the identication of Abelian models that unHiggs to two SU(2)'s can
performed directly from investigation of the spectrum of the general Abelian model.
Recalling the discussion of section 2.2.1, an Abelian model with two U(1)'s arising
from a broken SU(2)SU(2) has to have a charge lattice as shown in gure 1, i.e. the
matter with charges ( 2; 2), ( 2; 1) and ( 1; 2) has to be absent while matter with
charges (2; 0) and (0; 2) has to be generically present. It follows directly from table 2 that
the unique solution to this is precisely [a1] = [s8] = 0, consistent with the above geometric
arguments.
Furthermore, the spectrum of the Abelian model of table 2 then automatically assumes
the form of an SU(2)SU(2) gauge theory. Indeed, we nd that the non-zero multiplicities
of the Abelian theory obey the relations
x(2;0) =[a2](KB+[a2])=2x(3;1) 2 ; x(0;2) =[a3](KB+[a3])=2x(1;3) 2 ;
x(1;0) = 4[a2](4KB+[a2]+[a3])=2x(2;1) ; x(0;1) = 4[a3](4KB+[a2]+[a3])=2x(1;2) ;
x( 1;1) =x(1;1) =2[a2][a3]=2x(2;2) ; (6.5)
with the multiplicities xR of matter in a representation R of the SU(2)SU(2) gauge
group. These relations ensure that the spectrum of the theory falls into representations of
SU(2)SU(2) in the limit b2, b3 ! 0. In fact, (6.5) follows directly from the branching rules
of SU(2)SU(2) representations in an adjoint Higgsing as discussed in section 2.2.1 and a
comparison of tables 5 and 3. Note that we have to subtract 1 from the multiplicities x(3;1),
x(1;3) of the adjoints as one eld is eaten up by the massive gauge bosons, respectively.
We conclude by noting that the relations (6.5) formally follow also from the general
relations (5.32). To this end, we have to set all multiplicities to zero that involve non-trivial
representations of SU(3), which includes the  2 in x( 1;1).
6.1.3 Examples: models on P2
We conclude by demonstrating the general observations made in this section for a simple
and concrete example. We consider a Calabi-Yau threefold X3 with base B2 = P2. We
solve the eectiveness constraints (3.19) and perform the tunings (5.19) of the complex
structure of X3 yielding X
(0)
3 . We then obtain the following list of models with [s8] = 0:
[a2] [a3] b2 b3 s1 s2 s3 s5 s6 s8
6 3 3 0 0 3 6 0 3 0
5 4 2 1 0 3 6 0 3 0
5 3 2 0 2 4 6 1 3 0
4 5 1 2 0 3 6 0 3 0
4 4 1 1 2 4 6 1 3 0
4 3 1 0 4 5 6 2 3 0
3 6 0 3 0 3 6 0 3 0
3 5 0 2 2 4 6 1 3 0
3 4 0 1 4 5 6 2 3 0


















As expected, this precisely reproduces the list of models (B.7) based on the completely
general WSF (B.1). In addition, we check the necessary relation between the degrees of
the polynomials, [ai]   [bi] = 3, i = 2; 3. This ensures that the number of adjoint VEVs
agrees precisely with the monomials in b2, b3, that have been switched o in the unHiggsing
procedure.
We emphasize again that the Abelian theory resulting from Higgsing SU(2)SU(2) via
adjoints can not be described by F-theory on the dP2-elliptic brations in [8{12]. Thus, we
see that the Calabi-Yau manifolds Xn+1 are crucial for describing the branch in the moduli
space of F-theory with two Abelian factors.
6.2 UnHiggsings of two U(1)'s to SU(3)
Next, we turn to F-theory compactications with two U(1)'s that are embedded into the
Cartan subalgebra of an SU(3) via the adjoint Higgsing
U(1)U(1) adjoints
b2; b3 ! 0 or
12; 13 ! 0
// SU(3) :oo (6.7)
We will demonstrate that this is only possible for models with either [a1] = 0 and [s8] 
 KB by tuning b2 = b3  0 or with [a1]; [b1] > 0 (where [s8] might or might not obey
[s8]   KB) by tuning 12 = 13  0.12 These conditions guarantee the presence of
adjoints of the SU(3). Additionally, we require [a2] = [a3] = 0 in the rst case and
[a1] = [a2] = [a3] in the second case to ensure that no SU(2)'s are present. We emphasize
that the latter models admit SU(3)-divisors with ordinary double point singularities, giving
rise to symmetric matter representations.
6.2.1 Geometric discussion
We organize our discussion by analyzing the two types of models with unHiggsings to SU(3)
separately.
Models with [a1] = 0 and [s8]   KB. For models with [a1] = 0 (which implies
[b1]  0, yet allows us to put b1  0 by shifting v 7! 1a1 (v   b1w)) we have to demand
[t]  [s8]   KB in order to have an SU(3) with adjoints. The absence of the SU(2)
factors in (5.1) further requires to consider models X
(0)
n+1 with [a2] = [a3] = 0, as follows
from (5.21). In addition, [ai] = 0 implies
[bi] = KB + [s8] ; i = 2; 3 ; (6.8)
according to (3.17), which implies that the number of VEVs of adjoints of the SU(3) agrees
with the number of monomials in b2, b3 that are tuned to zero for the unHiggsing.
Geometrically, as before the unHiggsing tranforms the generators of the Mordell-Weil
group of Xn+1 into the Cartan divisors of the resolved I
s
3-singularity. This is the analog of
12We note that models with [a1] > 0 and [b1] = 0, which implies [s8] <  KB and [s3] >  KB , are

















the eld theoretical statement that the two U(1)'s are embedded as the Cartan generators
of the SU(3) in the unHiggsed theory.
The Weierstrass form of the models at hand is given by (5.25) and precisely agrees
with the general Weierstrass model (B.19) with two I2- and one I
s
3-singularities. If we set
[a2] = [a3] = 0 the SU(2)'s disappear and we simply recover the most general model with
one Is3-singularity in (B.11) upon identifying t = s8. Thus, by unHiggsing the considered
Abelian models dened by Xn+1 we reproduce the list of all F-theory models with one
Is3-singularity on a smooth divisor t.
Models with [a1]; [b1] > 0. We begin by noting that the class [t] is automatically
eective and satises [t]  [ KB] as long as the term a1b1s6  t is present, which is the
case if both a1 and b1 are non-trivial sections.
13 Thus, we see that the SU(3) on t = 0
always has adjoints that can be used to Higgs the theory back to a model with U(1)2 gauge
symmetry. We recall that the divisor t = 0 has ordinary double point singularities that
support symmetric plus anti-symmetric representations, as shown in section 5.7.
If we further assume that [1] = [2] = 0 are both trivial the gauge group of the tuned
model X
(0)
n+1 is just to SU(3). Then, we have a clear embedding of the two U(1)'s into the
maximal torus of SU(3). We observe that for [1] = [2] = 0 we have [a1] = [a2] = [a3].
Thus, the degrees of the sections 12 and 13 dened in (5.2) and (5.13), respectively, are
equal. The number of monomials tuned to zero in the unHiggsing by imposing 12; 13 !
0 is given e.g. for Bn = P2 by
([a1]+2)([a1]+1)+([a1]+[s8] 1)([a1]+[s8] 2) 2 = 2[a1]([a1]+[s8])+[s8]([s8] 3)+2 (6.9)
This agrees precisely with the number of VEVs of the 2x(1;1;8) in table 2, where the factor
of 2 is included due to the rank of SU(3).
The Weierstrass model we obtain by unHiggsing is given by (5.22) for 1 = 2 = 1. As
pointed out earlier, it deviates from the standard form of an Is3 singularity but still yields
a model with SU(3) gauge group as shown in section 5.7. We note that at the current
stage it is unknown whether every Calabi-Yau elliptic bration with Is3 singularities over a
divisor t = 0 with ordinary double points can be written as the Weierstrass model (5.22)
or whether unHiggsing Xn+1 reproduces every model of the form (5.22).
We emphasize that the unHiggsed theory has two discrete degrees of freedom. These
two parameters are the divisor classes [s8] and [a1] = [a2] = [a3]. The latter sets the number
of ordinary double point singularities of t = 0. Geometrically, the appearance of the extra
parameter is expected due to the special structure of the Weierstrass model (5.22) which
is key to the presence of an SU(3) gauge group. In contrast, if we remove the additional
substructure of t = 0 by imposing [a1] = 0 we are left with only one parameter [s8], which
is the class of the t supporting the SU(3), as expected.
13If e.g. a1 is constant the term involving s6 in t can be removed by redening s8 and we are back in a

















6.2.2 UnHiggsing from matching of spectra
Again, we can rediscover those Calabi-Yau manifolds Xn+1 which arise from unHiggsing to
an SU(3) with adjoints from the point of view of the matter spectrum of Abelian theory.
First we assume that there are no matter elds in the representation ( 2; 2) in
table 2. Then, we recall from section 2.2.2 that an Abelian model with two U(1)'s which
arises from a broken SU(3) has to have the charge lattice shown in gure 2. Notably, matter
with charges (2; 0), (0; 2) has to be absent while matter with charges (2; 1), (1; 2) and ( 1; 1)
should generically be present. The unique solution to this is given by [a1] = [a2] = [a3] = 0,
as follows from table 2. We note that the remaining multiplicities automatically assume
the form
x(2;1) = x(1;2) = x( 1;1) = [s8]  ([s8] +KB) = 2x8   2 ;
x(1;0) = x(0;1) = x(1;1) =  3[s8]  (3KB + [s8]) = x3 ; (6.10)
which implies that the matter spectrum falls into representations of SU(3) if we unHiggs
by b2, b3 ! 0. Here, we denote the multiplicity of an SU(3) representation R by xR.
Indeed, the relations (6.10) readily follow from the branching rules of representations in
an adjoint Higgsing given in section 2.2.2 and a comparison between tables 5 and 3. Note
that we have to subtract one adjoint as it is eaten up by the massive gauge bosons. We
can also obtain the relations (6.10) formally from the general relations (5.32) by dropping
all multiplicities of SU(2)SU(2) representations.
In order to include matter elds in the representation ( 2; 2) all we have to do is to
relax the condition of a vanishing multiplicity x( 2; 2). As the discussion in section 2.2.4
shows, the only source for this representation is the symmetric representation of SU(3). The
branching (2.10) of the symmetric suggests that we have to demand x( 2; 2) = x( 2;0) =
x(0; 2). A unique solution to this in a natural parametrization is given by
[a1] = [a2] = [a3] ; [s8] = [t]  2[a1] (6.11)
for an eective class [t]. Using this relation we clearly reproduce the relations (5.32) after
setting the multiplicities of all SU(2)-representations to zero. Thus, in an unHiggsing t
plays the role of the divisor class supporting the SU(3) and [a1] is related to the num-
ber of symmetric representations. The entire spectrum of the Abelian theory falls into
representations of SU(3).
6.2.3 Examples: models on P2
We conclude by constructing explicit models for the base B2 = P2. We start with an
Abelian model specied by the CY-threefold X3, solve the eectiveness conditions (3.17)

















structure in order to unHiggs to X
(0)
3 . We obtain the following list of models:
[ai] [s8] bi s1 s2 s3 s5 s6 [t]
0 6 3 0 0 0 3 3 6
0 5 2 3 2 1 4 3 5
0 4 1 6 4 2 5 3 4
0 3 0 9 6 3 6 3 3
1 4 2 0 1 2 2 3 6
1 3 1 3 3 3 3 3 5
(6.12)
We note that the rst four lines reproduce precisely the list of models with a standard Is3
singularity on a smooth divisor found in (B.16), where we identify t = s8. The last two
lines are models corresponding to the two possible solutions to the condition that [s1] is
eective when the divisor t is of the form (5.10) with an ordinary double point. Indeed,
for [1] = [2] = 0 the eectiveness constraint on [s1] reduces to
3[t] + [s1] = 18 ; (6.13)
which is solved only by [t] = [a1] + [b1] + 3 = 5; 6 with [s8] = 3; 4 and [a1] = [b1] = 1 or
[a1] = [b1]  1 = 1, respectively.14
Again, we emphasize that the new Calabi-Yau manifolds Xn+1 are needed to have a
geometrical description in F-theory of the Higgs branch of an SU(3) gauge theory broken
by adjoints to two U(1)'s. The relevant Abelian theories can not be obtained from the
dP2-elliptic brations in [8{12], unless [s8] = 3.
There are some caveats regarding the completeness of our construction of models with
an SU(3) on a divisor with double points in P2. As we have seen in (6.12), we only obtain
models with one or two double points on a quintic or a sextic, respectively. However, we
expect that models on P2 with more double points or an SU(3) divisor of a lesser degree
exist. In particular, we expect the existence of an SU(3) on a quartic with one adjoint and
up to two double points, on a quintic with an adjoint and up to ve double points and on
a sextic with an adjoint and up to nine ordinary double points. On a technical level, the
reason for the limitations of our model is the term b1a1s6 in t, which imposes the condition
[t]  3 = [a1] + [b1] xing the number of double points. Currently, we do not know of any
geometrical or physical reason for this constraint, which is intrinsic to our constructions,
to hold universally, or how to see such a constraint from the low-energy theory.
6.3 Unhiggsing of two U(1)'s to SU(2)SU(2)SU(3)
Finally, we consider Abelian F-theory models with two U(1)'s that unHiggs to a model
X
(0)
n+1 in which the full non-Abelian gauge group Guni = SU(2)SU(2)SU(3) is realized.
In this case, the two U(1)'s are embedded diagonally into the Cartan subalgebra of Guni.
14Note that there exists a model with [a1]   1 = [b1] = 1 and [s8] = 2. It is mapped to the model

















Depending on the discrete parameters specifying Xn+1, the Abelian theory can be
obtained from the non-Abelian one by dierent Higgsings. While all Abelian models con-
sidered here arise from breaking Guni by the bifundamentals (2;1;3) and (1;2;3),
U(1)U(1) bifunds. // SU(2) SU(2) SU(3) ;oo (6.14)
certain models admit an alternative Higgsing via adjoints and fundamentals. This alter-
native Higgsing can be viewed as a two-stage version of the bifundamental Higgsing. It
illuminates the geometrical process which turns a vertical into a horizontal divisor, i.e. a
section into a Cartan divisor. Thus, we will discuss it in detail.
There are four dierent types of models Xn+1 that unHiggs to Guni. They are
 specialized models ([a1] = 0) with [a2]; [a3]   KB, as in section 6.1, but with
[s8] > 0. The Higgsing alternative to (6.14) is by adjoints of the two SU(2)'s
and a consecutive Higgsing by fundamentals of the residual SU(3) with appropri-
ate U(1)U(1) charges.
 specialized models with [s8]   KB, as in section 6.2, but without [a2] = [a3] = 0
and models with [a1]; [b1] > 0, again as in section 6.2, but relaxing [1] = [2] = 0.
As an alternative to (6.14) we can Higgs by adjoints of the SU(3) and break the
residual SU(2)SU(2) by fundamentals with U(1)U(1) charges.
 specialized models with [a2] <  KB but [a3]   KB or vice versa and [s8] <
 KB. In this case we can Higgs one SU(2) with adjoints, then Higgs the remaining
SU(2)SU(3) by a bifundamental and nally Higgs the residual SU(2) by a funda-
mental with non-trivial U(1) charges.
 specialized models with [a2]; [a3] <  KB and [s8] <  KB. In this case, there is no
alternative Higgsing to (6.14).
We note that some non-Abelian theories dened by X
(0)
n+1 have Higgs branches param-
eterized by Higgses in the bifundamental representation (2;2;1), dierent fundamentals
(with trivial U(1) charges) and with other nal gauge symmetries. The analysis of these
branches is beyond the scope of this article and is left for future works.
6.3.1 Geometric discussion & comparison to eld theory
We will analyze the four dierent types of models in the order outlined above.
Models with [a1] = 0, [a2]; [a3]   KB and [s8] > 0. These models are analyzed
similarly to those discussed in section 6.1, however relaxing the condition [s8] = 0. In this
case, the tuning b2, b3 ! 0 unHiggsing the U(1)'s produces the model X(0)n+1. First, by
tuning b2  0 we get the gauge group SU(2)SU(2)U(1), cf. the discussion before (5.12).
Then, we get the full gauge group Guni if we also set b3  0 as shown before (5.18). The
Weierstrass model of X
(0)

















In order to understand the embedding of the U(1)'s into the Cartan subalgebra of Guni
from a geometric point of view we note that [s8] > 0, using (3.19), implies
[bi]  [s8] ; i = 2; 3 : (6.15)
Thus, the degree of the bi is larger than that of s8. Thus, we can tune the complex structure
of Xn+1 so that
b2 = s8b
0
2 ; b3 = s8b
0
3 (6.16)
for appropriate sections b02 and b03. We obtain an F-theory model with two U(1)'s and an
extra Is3-singularity at s8 = 0, as can be seen by inspecting of the Weierstrass form (3.11)
with (A.1), (A.2) for Xn+1. Thus, the SU(3) gauge group at s8 can already be induced
prior to unHiggsing the U(1)'s in the Abelian model. The U(1)'s are unHiggsed into two
SU(2)'s by tuning b02 = b03  0 corresponding to an adjoint Higgsing as in section 6.1.
The eld theoretic Higgsing corresponding to the intermediate tuning (6.16) can be
inferred by noting that the U(1) charges of the theory are changed. Indeed, geometrically,
the Shioda map is altered due to the presence of the Cartan divisors of the SU(3) [55,
57]. This change shifts the U(1) charges of all matter elds in such a way that the new
spectrum of the theory after the tuning (6.16) is of the form of gure 1, while the original
smooth model Xn+1 has a spectrum like in gure 3. Thus, the eld-theoretical analogue
of (6.16) has to be a Higgsing by fundamentals 3(q1;q2) with appropriate U(1) charges
(q1; q2). The correct U(1) charges are identied by starting with the spectrum in table 5
of the unHiggsed model X
(0)
n+1. Then, we Higgs the two SU(2)'s by adjoints and identify
the corresponding triplets 3(q1;q2) by the requirement that the resulting spectrum matches
table 3. We nd that the correct states are precisely the triplets 3( 1;0) and 3(0;1) that are
inside the bifundamentals (2;1;3) and (1;2;3), respectively. Thus, the U(1)-generators of
Xn+1 are embedded into the Cartans of Guni as in (2.6), i.e. the bifundamental Higgsings.
We note that the spectrum of the Abelian theory obeys the relations (5.32) with
x( 2; 2) = 0. It is important to emphasize that these relations are simultaneously compat-
ible with a Higgsing by bifundamentals as in (6.14) and by a combination of adjoint and
fundamental Higgses, as just described.
We summarize the chain of Higgsings that are possible if we invoke the tunings (6.16)
in the following diagram:
U(1)2
















Here we indicate the relevant tunings of the complex structure of the Calabi-Yau manifold
Xn+1 next to the respective arrow. The rst line of (6.17) is identical to (6.14). Vertical

















arrows are bifundamental Higgsings and diagonal arrows are SU(2) adjoint Higgsings. The
latter correspond to tunings that unHiggs U(1)'s into Cartan generators of SU(2)'s.
We note that starting from the non-Abelian theory X
(0)
n+1 there are other possible Higgs
branches. Higgsing by the bifundamental (2;2;1) leads to a theory with just one U(1),
while Higgsings by fundamentals of SU(2)'s lead to a theory with no residual Abelian gauge
group. These Higgsings are not considered here, as they are not related to the Abelian
model Xn+1.
Models with [a1] = 0 and [s8]   KB or [a1]; [b1] > 0. These models are analyzed
in analogy to those in section 6.2. However, the full gauge group Guni is realized as can
be seen e.g. from the Weierstrass model given by (5.25). Indeed, models with [a1] = 0 are
unHiggsed by tuning b2; b3 ! 0 to X(0)n+1 also in the case if the conditions [a2] = [a3] = 0 are
relaxed. Similarly, models with [a1]; [b1] > 0 are unHiggsed by imposing (5.2) and (5.13).
This is solved, assuming [a2]  [a1]  0, [a3]  [a1]  0, by (5.4) and (5.14) with non-trivial
[1] and [2]. In other cases, we are in situation D) in section 5.2, which can be made
equivalent to a case with [a1] = 0 by setting b1 = 0, as discussed there. We assume in the
rest of this section that we are in the situation where [a2]  [a1]  0, [a3]  [a1]  0 applies.
Geometrically, we understand the embedding of the U(1)s into the maximal torus of
Guni by noting that the condition [s8]   KB implies, by virtue of (3.19), that
[bi]  [ai] ; i = 1; 2; 3 ; (6.18)
i.e. the degrees of the bi are larger than that of the corresponding ai. Thus, we can tune
the complex structure of Xn+1 so that
b2 = a2b
0
2 ; b3 = a3b
0
3 ; (6.19)
for appropriate sections b02, b03. The resulting F-theory models still have two rational
sections generating a rank two MW-group but also have I2-singularities at a2 = 0 and
a3 = 0. In fact, the resulting elliptic bration is described by





which clearly has I2 singularities at a2 = 0 and a3 = 0, yet has three distinct rational
points. The relevant tunings that reduce the MW-rank are then given by b02; b03 ! 0, which
creates the Is3 singularity at s8 = 0.
Analogously, a general model Xn+1 with [a1]; [b1] > 0 can be tuned by setting
ai = i 1a0i ; bi = i 1b
0
i (6.21)
for appropriate sections a0i, b
0
i for i = 2; 3 with [a
0
2] = [a1] and [a
0
3] = [a1]. The CY-
constraint (3.4) then assumes the form









so we see that the tuning (6.21) maintains all rational sections, but introduces already I2





















i   b1a0i  0 (6.23)
for both i = 2, 3 yielding the CY-manifold X
(0)
n+1 with gauge group Guni.
In eld theory, the intermediate tunings (6.19), (6.21) corresponds to a Higgsing by
fundamentals of the SU(2)'s which carry non-trivial U(1)-charges. Again, this is clear from
the change in the Shioda map of the rational sections due to the SU(2)'s. The correct
matter elds are in the representations (2;1)(1;0) and (1;2)(0; 1) that originate from the
bifundamentals (2;1;3) and (1;2;3), respectively, so that the U(1)'s are embedded via (2.6)
into the Cartan generators of Guni.
The spectrum of the Abelian theories obtained from models Xn+1 with [a1] = 0 obey
the relations (5.32) with x( 2; 2) = 0 while models with [a1]; [b1] > 0 allow for a non-zero
multiplicity x( 2; 2). We note again that the relations (5.32) are compatible both with a
Higgsing by bifundamentals or by adjoints and fundamentals, as the one just described.
We summarize the chain of Higgsings we just discussed that also allows for the tun-
ings (6.19) in the following diagram:
U(1)2
















Here the relevant tunings of the complex structure of the Calabi-Yau manifold Xn+1 are
indicated next to the respective arrow. The rst line of (6.24) is the Higgsing in (6.14).
Vertical arrows correspond to a Higgsing by a fundamental with non-trivial U(1) charges,
horizontal arrows are bifundamental Higgsings and diagonal arrows are adjoint Higgsings
of the SU(3). The latter correspond to tunings that unHiggs U(1)'s into Cartan generators
of SU(3)'s.
We emphasize that starting from the non-Abelian theory X
(0)
n+1 there are other possible
Higgs branches. Higgsing by the bifundamental (2;2;1) and then by the adjoints of SU(3)
leads to a theory with three U(1)'s, while Higgsings by fundamentals of SU(3)'s and then
by the bifundamental of the SU(2)'s leads to a theory with one Abelian gauge group.
These Higgsings are not considered here as they are not relevant for obtaining the Abelian
model Xn+1.
We conclude with the observation that the eectiveness condition (6.2) implies that
whenever [t]   KB the model can at most have one SU(2) with an adjoint. Consequently
there are models with adjoints for one SU(2) and the SU(3). These models exhibit an
adjoint Higgsing to a theory with U(1)3SU(2) gauge group.
Models with [a1] = 0, [a2] <  KB, [a3]   KB and [s8] <  KB. The main

















sidered here do not yield non-Abelian theories with adjoints of rank two gauge groups.
In fact, for models with [a1] = 0, [s8] <  KB and [a2] <  KB, [a3]   KB only one
SU(2) in X
(0)
n+1 carries adjoints. Thus, we can Higgs the theory on this adjoint yielding one
U(1). The remaining non-Abelian group SU(2)SU(3) is Higgsed on a bifundamental to
SU(2)U(1) and then on a charged fundamental to U(1). As before the spectrum of the
Abelian and the non-Abelian theory obey the relations (5.32). Geometrically, there exists




for appropriate b03 which creates an SU(2) on s8 = 0 prior to unHiggsing any U(1).
The chain of (un-)Higgsings possible in this model is given by
U(1)2
b2!0 // SU(2)U(1) SU(2) b3!0 // SU(2) SU(2) SU(3)
33
b03!0







As before the relevant tunings of the complex structure of Xn+1 are indicated next to the
respective arrow, vertical arrows correspond to Higgsings by charged fundamentals, hori-
zontal arrows are Higgsings by bifundamentals and diagonal arrows are adjoint Higgsings.
We note that the number of alternative Higgsings of the non-Abelian theory dened
by X
(0)
n+1 is limited. All Higgsings alternative to (6.26) yield theories with one or no U(1).
Models with [a1] = 0 and [a2]; [a3]; [s8] <  KB. For these models no intermediate
tuning (6.16) of Xn+1 is possible. Thus, the unHiggsing of the Abelian sector is induced
by b2, b3 ! 0 and cannot be split into steps. We obtain a non-Abelian model described by
X
(0)
n+1 with gauge group Guni with a spectrum related to that of the Abelian model via the
relations (5.32). The only (un-)Higgsing chain possible is the one in (6.14):
U(1)2
b2!0 // SU(2)U(1) SU(2) b3!0 // SU(2) SU(2) SU(3) (6.27)
6.3.2 Examples: models on P2
We conclude the discussion of models with an unHiggsing to a non-Abelian theory with
the full gauge group Guni (or in special cases SU(2)SU(3), when one SU(2) is on a trivial
divisor) by constructing explicit models for the base B2 = P2. As before, we start with an
Abelian F-theory model specied by the threefold X
(2)
3 which is in one of the four classes
of models discussed in this section. Then we tune the model appropriately to the threefold
X
(0)
3 . We discuss the four dierent classes of models separately. Note again that we assume
in this discussion that we are in situation A), of the possibilities distinguished above.
The list of models X3 on B2 = P2 with [a1] = 0, [a2]; [a3]  3 and [s8] > 0 is given by:
[a2] [a3] b2 b3 s1 s2 s3 s5 s6 s8
3 3 1 1 3 4 5 2 3 1
3 3 2 2 0 2 4 1 3 2


















These three models are all the models in the list (B.21) of theories with SU(2)SU(2)
SU(3) gauge group over B2 = P2 that meet the requirement [a2]; [a3]  3, i.e. have
SU(2)SU(2) with adjoints. Thus, we have reproduced the complete list of such mod-
els by unHiggsing the Abelian theories dened by X3.
The list of models X3 on B2 = P2 with [s8]  3 and [a2]; or [a3]  0 reads:
[a2] [a3] b2 b3 s1 s2 s3 s5 s6 s8
0 1 2 3 1 1 1 3 3 5
0 1 1 2 4 3 2 4 3 4
0 1 0 1 7 5 3 5 3 3
0 3 1 4 0 1 2 2 3 4
0 3 0 3 3 3 3 3 3 3
0 2 1 3 2 2 2 3 3 4
0 2 0 2 5 4 3 4 3 3
0 4 0 4 1 2 3 2 3 3
1 1 1 1 5 4 3 4 3 3
1 1 2 2 2 2 2 3 3 4
1 2 1 2 3 3 3 3 3 3
1 2 2 3 0 1 2 2 3 4
1 3 1 3 1 2 3 2 3 3
2 2 2 2 1 2 3 2 3 3
(6.29)
Again, we reproduce all models in the list in (B.21) of theories with SU(2)SU(2)SU(3)
gauge group over B2 = P2 that meet the requirement of having an SU(3) with adjoints.
The number of models X3 on B2 = P2 with [a1]; [b1] > 0 is very limited. Indeed, by
inspection of the last term of g in (5.22), we obtain the equality
  6KB   2[1]  2[2]  3[t] = [s1]  0 ; (6.30)
which agrees precisely with the condition (6.2) we have derived from the Abelian model
Xn+1. This condition is very constraining as both classes [a1] and [b1] have to be strictly
non-zero so that [t] = 3 + [a1] + [b1]  5 on P2. The only solutions to it are [a1] = [b1] = 1
for [t] = 5, which allows for [1] = [2] = 0 or [1] = 0, [2] = 1, and [a1] = [b1]   1 = 1,
which only allows for [1] = [2] = 0. Thus, we only obtain one solution with one SU(2),
in addition to the two solutions in (6.12):
[a1] [a2] [a3] b1 b2 b3 s1 s2 s3 s5 s6 s8
1 1 2 1 1 2 1 2 3 2 3 3
(6.31)
This is a model with an SU(3) on a quintic in P2 with one ordinary double point singularity
at a1 = b1 = 0 and an SU(2) on a line 2 = 0. As discussed earlier we reproduce the full
list of models compatible with the structure of Weierstrass models of the form (5.22) and
divisor t = 0 of the form (5.10). However, we currently do not know whether this is the


















The list of models X3 on B2 = P2 with [s8] < 3, [a3]  3 and [a2] < 3 together with
models having [a2]; [a3]; [s8] < 3 reads:
Models with [s8] < 3, [a3]  3 and [a2] < 3
[a2] [a3] b2 b3 s1 s2 s3 s5 s6 s8
1 3 0 2 4 4 4 3 3 2
1 4 0 3 2 3 4 2 3 2
1 5 0 4 0 2 4 1 3 2
2 3 0 1 5 5 5 3 3 1
2 3 1 2 2 3 4 2 3 2
2 4 0 2 3 4 5 2 3 1
2 4 1 3 0 2 4 1 3 2
2 5 0 3 1 3 5 1 3 1
Models with [a2]; [a3]; [s8] < 3
1 1 0 0 8 6 4 5 3 2
1 2 0 1 6 5 4 4 3 2
2 2 0 0 7 6 5 4 3 1
2 2 1 1 4 4 4 3 3 2
(6.32)
We note that this covers all remaining models in (B.21) that can be Higgsed supersym-
metrically to an Abelian theory with two U(1)'s. There are models that do not admit such
Higgsings, either because the realized non-Abelian gauge group is too small or because
there are less than two matter elds in both bifundamental representations (2;1;3) and
(1;2;3), respectively. In the latter case, a D-at Higgsing is impossible. We note, though,
that some of those models do have a Higgsing to a model with one U(1). It is satisfying
that the eectiveness conditions (3.17) and (3.19) required by the existence of a smooth
and generic model Xn+1 reproduce these eld theory results.
7 Further research directions
While we believe that the model constructed in this paper gives a fairly complete picture
of the most general classes of F-theory models that can be constructed with two Abelian
factors U(1)U(1), many of the results we have found suggest generalizations that may
have much broader consequences for our understanding of F-theory models and the cor-
responding supergravity theories. In particular, the general structure of the unHiggsing
patterns identied in the U(1)2 models considered here suggests that similar patterns may
govern F-theory models with arbitrary numbers of Abelian factors U(1)k. Our construction
has also given rise to an explicit realization of a class of models where a non-Abelian gauge
group is supported on a singular curve, giving rise to a non-generic matter representation.
In this section we look ahead to how these features may be generalized in future work.
7.1 More U(1) factors
In the most general class of U(1)  U(1) models that we have considered here, the charge

















group SU(2)SU(2)SU(3) is broken by Higgsing. As we have shown, this corresponds to
the fact that the generic model can be \unHiggsed" by transforming the horizontal divisors
(sections) associated with the two U(1) factors into vertical divisors in the total space of
the Calabi-Yau that lie over divisors of the form AC and BC in the base of the elliptic
bration. Here, C is a common factor of the two divisors, and picks up the rank two SU(3)
non-Abelian group, while A and B support SU(2) gauge factors.
This suggests a natural structure for general models with more U(1) factors. For
three U(1) factors U(1)U(1)U(1), for example, we could imagine transforming all three
horizontal divisors into vertical divisors. The most general structure for the divsors in the
base that would support the three non-Abelian factors would be
A1B12B13C;A2B12B23C;A3B13B23C : (7.1)
Each Ai divisor would then support an SU(2) factor, each Bij divisor would support
an SU(3) factor, and C would support a rank three factor such as SU(4). The general
U(1)3 model15 could then be realized by Higgsing a non-Abelian theory with gauge group
SU(2)3SU(3)3SU(4). Of course, in many cases some of the factors would be trivial,
with many rank three Abelian groups realized from Higgsings of rank three non-Abelian
groups such as SU(2)SU(2)SU(2); SU(2)SU(3); and SU(4). Degenerate divisors Ai,
Bij and C could also lead to larger product groups in an unHiggsing. As in the case of one
or two U(1) factors, the presence of additional non-Abelian gauge groups in the original
theory having U(1) factors, and/or additional geometrical structure in the base could in
some situations make the unHiggsed non-Abelian theory singular, or bring the theory to
a superconformal xed point where a geometric transition would be necessary to give a
smooth Calabi-Yau.
It is straightforward to generalize this kind of construction to an arbitrary number
of U(1) factors. A very general class of U(1)k models could then be constructed from
the Higgsing of a non-Abelian theory with a gauge group SU(2)k  SU(3)k(k 1)=2     
SU(k)k  SU(k + 1) = Qki=1 SU(i + 1)ci , where the combinatoric factor is ci =  ki. For
larger ranks, we could also have other non-Abelian groups arising in the unHiggsing. For
rank 2, we did not need to consider G2 separately, since it can be Higgsed to SU(3) on the
adjoint without reducing the rank. As the rank increases, however, we can realize U(1)
factors by Higgsing more general groups including SO(N) factors, exceptional groups such
as E6; E7; E8, etc. This will give rise to a rich collection of possibilities for higher rank
Abelian groups that can be realized from Higgsing higher rank non-Abelian structures.
While this type of unHiggsing construction might be expected to give the most general
classes of models with any number of Abelian factors there are a number of issues that
would need to be addressed. First, while this story seems likely to hold in the low-energy
supergravity theory, the realization in F-theory through an explicit Weierstrass model is
quite nontrivial. Even for two U(1) factors, the general model with explicit formulae given
in appendix A are quite complex, and do not follow in any simple way even though we can
explicitly construct Weierstrass models in principle for the unHiggsed SU(2)SU(2)SU(3)

















model more directly. While as discussed in [4, 14], we have an explicit formulation of the
Higgsing of a single SU(2) factor in terms of Weierstrass models, and as discussed here this
can be extended to theories with multiple non-Abelian factors, this construction becomes
progressively more complicated as the number of factors increases. Another issue that
would need to be addressed for any complete understanding of models with more Abelian
factors is the analysis of special cases where the horizontal divisors cannot be unHiggsed
to vertical divisors of a non-Abelian theory with the same rank. Given that some examples
of this are already encountered for two U(1) factors, we expect an even more exotic set of
special cases when the number of U(1) factors is increased. Despite these technical issues,
however, it seems that exploring the set of U(1)3; U(1)4; : : : models that can be realized in
F-theory through Higgsings of rank k and higher non-Abelian groups holds promise as a
way of gaining some systematic understanding of these rather dicult theories.
7.2 Exotic matter representations
Another issue that has arisen in this paper, in which we have likely only touched on the
tip of a rather complex iceberg of possibilities, is the appearance of non-standard matter
representations. As discussed in section 2, an SU(2) or SU(3) factor that is tuned in F-
theory on a smooth divisor D will carry generically only matter in the fundamental and
adjoint representations. In 6D models, the number of adjoints simply corresponds to the
genus g of the curve D. As discussed in [42, 43], however, when the divisor D is itself
singular, other representations of the gauge group can arise. A simple formula was derived
in [41] from anomaly cancellation, which determines the contribution to the arithmetic
genus of a curve D that should be associated with the singularity carrying any given
matter representation. For the adjoint and symmetric representations, the contribution
is 1. Thus, in particular, as was originally suggested by Sadov in [43] (see also [61]), we
expect that tuning an SU(3) on certain divisors with double point type singularities should
give rise to matter in the symmetric representation. Indeed, a large class of the models we
considered here can be associated with the Higgsing of SU(2)SU(2)SU(3) non-Abelian
theories, where the SU(3) lies on a curve of the form
t = Ax2 +Bxy + Cy2 ; (7.2)
where there are double point singularities at the points x = y = 0. In the simplest case,
a 6D model on P2 with x; y dening lines and A;B;C dening cubics, there is a single
double point singularity at x = 0. This corresponds to a symmetric representation of
SU(3), which carries charge (2; 2) in the Higgsed U(1)U(1) theory. As we have discussed
in earlier sections, this double point singularity apparently cannot be removed without
changing the gauge group of the theory.
This is one of the rst situations where we have an explicit example of a non-generic
matter representation arising on a singular curve. At an algebraic level, Weierstrass models
with this kind of structure are rather subtle. This can be illustrated clearly in a simple
example. Consider tuning an SU(N) on a generic divisor (x; y), where x; y are coordinates

















coecients in an expansion f = f0 + f1 + f2
2 +    ; g = g0 + g1 + g22 +    , where
f0 =  3u(x; y)2; g0 = 2u(x; y)3, and similar conditions hold at higher orders so that the
discriminant cancels at leading orders in ; with e.g., 4f30 =  108u6 =  27g20. If  is a
singular curve, however, such as for example  = 4x3 + 27y2, we can have f0 = x; g0 = y,
and the discriminant will vanish to leading order. This is the kind of condition that is
automatically satised by the form (7.2) in the context we have encountered it here. An
outstanding challenge for F-theory is to develop tools and understanding for systematically
constructing such singular Weierstrass models to realize arbitrary gauge groups and matter
representations that are allowed by low-energy supergravity consistency conditions such as
anomaly cancellation.
Within the context of the models developed here, one question is whether there is a
construction for models with U(1) charges associated with arbitrary numbers of symmetric
representations of SU(3). In particular, considered over P2, the singular curve (7.2) must
be of degree at least ve. It should be possible, however, to construct F-theory models with
an SU(3) on a singular quartic over P2. The quartic has genus three, so we should be able
to have one or two symmetric representations, and then Higgs on the adjoint representation
leaving one or two charge (2; 2) states in the low-energy U(1)U(1) model.
More generally, we might hope to construct models with higher U(1) charges from
more exotic representations. Even for models with a single U(1), we expect that there
are solutions with matter having charge q = 3, see [32] for the Abelian model, associated
with Higgsing of an SU(2) having matter in the three-index symmetric representation. At
this time no explicit geometric F-theory realization of such a matter representation is yet
known. Even more exotic matter representations can in principle arise when we consider
higher-rank groups.
7.3 Matching 6D supergravity
It was conjectured in [62] that every low-energy 6D supergravity theory can either be re-
alized in string theory or suers from some quantum inconsistency. The close connection
between the structure of 6D supergravity and F-theory [40, 63] suggests that F-theory may
provide a framework for systematically constructing vacua in each branch of the complete
moduli space of 6D supergravity theories, with dierent branches associated with dierent
bases for the F-theory compactication connected through tensionless string transitions.
At this point, however, \string universality" for 6D supergravity theories has not been
proven. F-theory geometry places certain additional constraints on low-energy physics.
While some such constraints have been understood as consistency conditions that must be
satised by the low-energy supergravity theories [64], other such constraints are not yet
understood from the low-energy point of view. Theories with Abelian factors provide an
important regime for testing the correspondence between the set of F-theory constructions
and consistent supergravity theories, in which there are many open questions. Some analy-
sis of the set of consistent solutions to the 6D anomaly equations in the presence of Abelian
factors was carried out in [36, 37]. In the context of the work in this paper, the question
is whether a correspondence can be found between the set of apparently consistent 6D

















Two specic examples of situations where this kind of question arise have been encoun-
tered in this paper. A rst question is whether the general model we have described here in
fact captures all F-theory constructions with two U(1) factors. As we have noted, the dP2
U(1)U(1) models identied in [8{12] give rise to dierent charge spectra from the generic
class of models we have constructed here, though these models are also described in the
framework given here by relaxing the constraints on the divisor classes associated with the
relevant parameters. It would be interesting to study whether there are other exceptional
cases such as this, some of which may go beyond the construction presented here.
Another signicant class of examples relates to the exotic matter congurations de-
scribed in the previous section. Considering even just symmetric matter representations
of SU(3), there are a variety of U(1)U(1) models that would seem natural from the low-
energy point of view that are not reproduced by our general class of constructions. In
particular, since under anomaly cancellation an adjoint behaves identically to a combina-
tion of asymmetric and a fundamental representation of SU(3), we can consider a general
model where SU(3) is realized on a curve of genus g, and replace anywhere from 1 to g  1
of the generic adjoint representations with a symmetric + fundamental combination of rep-
resentations. Only a small subset of these are realized through the model constructed here.
For example, as mentioned above we could tune an SU(3) gauge group on the base P2 on
a curve C of degree 4, which has genus 3. According to low-energy considerations only, it
seems that it should be possible to replace one or two adjoint representations with a sym-
metric + fundamental, and Higgs on the remaining adjoint, which would give a U(1)U(1)
model with one or two charged matter elds in the (2; 2)+( 2; 0)+(0; 2) representations.
This is impossible to realize, however, in the spectrum described in table 2. Logically there
are several possibilities. It may be that these theories are actually inconsistent due to as-
yet not understood compatibility conditions between low-energy eld theory and quantum
gravity. It may be that these theories are consistent but cannot be realized in F-theory.
It may be that these theories can be realized in F-theory but in a very dierent way than
using the construction of this paper. Determining which of these possibilities is correct may
be a fruitful way of uncovering further the beautiful and subtle correspondence between
geometry and physics that F-theory provides.
8 Conclusions
We conclude by summarizing the key results of the paper:
 We have given what we believe is the most general construction of a globally dened
F-theory compactication with U(1)U(1) gauge factors. Specically, we have con-
structed a general class of elliptically bered Calabi-Yau manifolds with rank two
Mordell-Weil group. The elliptic bration is based on the elliptic curve E with three
(non-toric) rational points at general positions, which is realized as a specialized cu-
bic in P2. We have obtained the Weierstrass form for this general class of models.
Though the focus is on Calabi-Yau threefolds, the construction is general and is valid

















constructions [8{12, 32] where the rational points in in E were chosen at specic
positions and assumed to be toric points in P2.
 We have provided a detailed analysis of the codimension two singularities of these
elliptically bered Calabi-Yau manifolds, and have provided their global resolution,
which is represented as a complete intersection in an n + 4-dimensional ambient
space, constructed by two blow-ups at two non-toric points in the ambient space of
the elliptic ber. This allows for the full determination of charges and multiplicities
for the matter spectrum of general global 6D U(1)U(1) F-theory models. We also
explicitly checked that the matter spectra cancel all 6D anomalies.
The matter spectra of the models constructed here are more general and contain
additional matter representations, compared to those of specialized constructions [8{
12, 32]. In particular, they include representations with ( 2; 2), ( 2; 1) and (2; 0)
charges under U(1)U(1). Representations with higher charges could emerge in
special cases where the elliptic curve is further specialized.
 We have provided a detailed geometric and eld theoretical study of the general un-
Higgsing mechanism in the moduli space of globally dened F-theory models with
U(1)U(1) symmetry. These transitions have a geometric interpretation as the trans-
formation of a rational section to a Cartan divisor of a non-Abelian gauge symmetry;
in such an unHiggsing process, the nonlocal horizontal divisors, associated with sec-
tions in the Mordell-Weil group, become local vertical divisors, associated with the
Cartan generators of non-Abelian gauge groups of Kodaira singularities in the ellip-
tic bration over the base. One of the principal results is that these models can be
unHiggsed to a non-Abelian gauge group SU(2)SU(2)SU(3). The structure of the
non-Abelian group can be understood geometrically by identifying the general form
of the vertical divisors, associated with unHiggsing the two U(1) factors, to be AC
and BC, where C is a common factor. The unHiggsing process leads to SU(2) factors
on A and B, while on C the two elements of the Cartan generators combine, resulting
in SU(3). We provide the geometric and the eld theory analysis of the non-Abelian
matter spectra that after Higgsing result in the spectra of general U(1)U(1) models.
In particular, we note that the appearance of matter with ( 2; 2) charges originates
from the symmetric representation of SU(3).
We also note that in some cases the divisors A, B, and C can be reducible; for example
A can support SU(2)SU(2) or more SU(2) factors. In the most generic such case,
the unHiggsed symmetry results in SU(2)3SU(3). In these cases the Higgsing to a
general U(1)U(1) is due to bi-fundamental non-Abelian matter only.
 An important new result that has emerged from the geometric analysis of these mod-
els and the associated unHiggsing mechanism is the rst explicit geometric construc-
tion of a symmetric representation of the unitary gauge symmetry SU(N) for N > 2,
in this case SU(3). The associated Weierstrass models have an intricate and nontriv-

















associated with the tuning of an SU(3) divisor with a double point type singularity
that cannot be removed while retaining the I3 Kodaira singularity type. It is ex-
pected that tuning of more intricate singular divisors supporting non-Abelian groups
could result in other higher-dimensional representations, such as three-index symmet-
ric tensor representations. These higher-dimensional representations are expected to
play a role in the unHiggsing of Abelian models with larger Abelian charges.
 The U(1)U(1) construction suggests a generalization to theories with any number of
U(1) factors; for a model with U(1)k factors with k > 2, we expect that an unHiggsing
of k-horizontal divisors into vertical divisors would result in an unHiggsed phase with
a gauge group like
Qk
i=1 SU(i+ 1)
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A The Weierstrass form of Xn+1
The Weierstrass form of the elliptic curve (3.4) can be computed by rst mapping to the
cubic in dP2 and then using the results of [8, 9] for its Weierstrass form. Alternatively,
one can use Deligne's approach of constructing the Weierstrass coordinates [z : x : y] as
sections of appropriate line bundles on E . Either way, we nd the following expressions for
f and g:












































































































































































































  6  s25+2s1s8 s23+ 2s8s22+18s5s6s2 33s1s26 s3+s22s26

















































































































































































































































































































































































































































































We can use Weierstrass coordinates of the rational points of the elliptic curve in dP2
in [9] to obtain the Weierstrass coordinates of the rational points (3.5). This yields





























(a2b1   a1b2)2 ((2a3b1b2   a2b1b3   a1b2b3) s2 + (2a1a2b3   a1a3b2   a2a3b1) s5)
  a1a2 (a2b1 + a1b2) s6s8 + a21a22s28 ;
yQ =  b31b32s33 + 1
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2 (s2s8   s5s6) a31 + 1
2


































































































































































































1s3 (b1b2b3s2 + s6s8) ; (A.3)
and, using the symmetry (a2; b2)$ (a3; b3) of E ,





























(a3b1   a1b3)2 ((2a2b1b3   a3b1b2   a1b2b3) s2 + (2a1a3b2   a1a2b3   a2a3b1) s5)
  a1a3 (a3b1 + a1b3) s6s8 + a21a23s28 ;
yQ =  b31b33s33 + 1
2


































3 (s2s8   s5s6) a31 + 1
2


















































































































































































1s3 (b1b2b3s2 + s6s8) : (A.4)
B Weierstrass models with I2 and I3 singularities
In this appendix, we summarize and study the general Weierstrass models of Calabi-Yau
elliptic brations with I2 and I3 singularities (mostly the split case) at codimension one in

















gauge algebras su(2) and su(3). Here, we consider two models with rank two gauge algebra,
namely su(2)su(2) and su(3), and one model with an su(2)su(2)su(3) gauge algebra.
The corresponding Weierstrass models serve as reference points for comparison with the
Weierstrass models obtained in the main text by unHiggsing the Calabi-Yau manifolds
Xn+1 with rank two Mordell-Weil group.
As we are interested in the most generic Weierstrass forms, i.e. those with the most
complex structure moduli, we only consider In singularities. Other realizations of rank two
gauge algebras, such as Kodaira bers of type III and IV , can be obtained form these
models via additional tunings as analyzed in Tate's algorithm, so that e.g. f and g vanish
to higher order.
B.1 The SU(2)SU(2) Weierstrass model
An F-theory model with two su(2) gauge algebras on two distinct divisors  = 0,  = 0
in Bn, which we simply denote  and  by abuse of notation, is specied by a Weierstrass
model with two I2 singularities. It can be constructed using Tate's algorithm yielding

















where the coecients ~ai are sections of the line bundles
~a2 2 O( 2KB) ; ~a4 2 O( 4KB   []  [ ]) ; ~a6 2 O( 6KB   2[]  2[ ]) (B.2)
on Bn by the requirement that f 2 O( 4KB) and g 2 O( 6KB). These coecients are
expressed by the leading Tate coecients a
(k)
i , i = 1; 2; 3; 4; 6,






























Any model with two I2 singularities on smooth divisors can be shown to assume this
form [42].
We are interested in models where both SU(2)'s carry adjoints. In 6D, the number of
adjoints is computed by the topological genus g1, g2 of the curves ,  which agrees with
the arithmetic genus for smooth curves. The latter is computed as
gi = 1 +
1
2
[]  ([] +KB) ; i = 1; 2 ; (B.4)
with  = ,  . Thus, demanding gi  1 implies
[] =  KB + Y ; [ ] =  KB + Z ; (B.5)
for eective classes Y , Z. Thus, eectiveness of the sections in (B.2) implies upper bounds
on both Y and Z,
Y + Z   KB ; (B.6)
for the model to be generic.
16We expand the Tate coecients as ai = ()
ka
(k)
i where k is according to Tate's algorithm k = 0; 0; 1; 1; 2

















For a concrete base B2 = P2 for which O( KB) = OP2(3) this condition yields the
following list of allowed values for the degree of the divisors  and  , together with the
corresponding degrees of the ~ai:
[] [ ] ~a2 ~a4 ~a6
6 3 6 3 0
5 4 6 3 0
5 3 6 4 2
4 5 6 3 0
4 4 6 4 2
4 3 6 5 4
3 6 6 3 0
3 5 6 4 2
3 4 6 5 4
3 3 6 6 6
(B.7)
The generic matter spectrum of the theory can be extracted directly from its Weier-
strass model (B.1). By analyzing the orders of vanishing of f , g and the discriminant
 = 4f3 + 27g2 = 22(4~a32~a6   ~a22~a24 + (4~a34   18~a2~a4~a6) + 27~a2622) ; (B.8)
we nd the following singular bers and corresponding local (non-adjoint) matter repre-
sentations:
Representation Multiplicity Fiber
(2;1)  2[]  (4[KB] + [] + [ ]) I3
(1;2)  2[ ]  (4[KB] + [] + [ ]) I3
(2;2) []  [ ] I4
(B.9)
We note that there are additional singular bers of Kodaira type III at the codimension
two loci ~a2 = 0 and  = 0 or  = 0, respectively. As the number of ber components does
not increase at these loci, there is no matter supported at these loci.
We readily check using the data in (B.4), (B.9) and the anomaly coecients [], [ ]
for the two SU(2) groups that all 6D anomalies are canceled.
B.2 The I3 Weierstrass model
The canonical ansatz for an F-theory model with su(3) gauge algebra is a Weierstrass model
with an I3-singularity at codimension one. It is well-know that one has to distinguish
between the split, Is3 , and non-split, I
ns
3 , case. Given the Weierstrass form of an elliptic
bration with I3-singularity at t = 0 in the base Bn, the split condition is expressed as the
























This is the case, if and only if 9g2f

t=0
is a perfect square. As shown in section 5.7 it is
sucient if this condition holds locally around t = 0 requiring, however, a novel structure
of the Weierstrass model.
The Weierstrass form in the non-split case is discussed in [65]. In this case the gauge
algebra is generically sp(1) = su(2) due to the monodromy action on the ber around the
branch points of the monodromy cover (5.37). Thus, we disregard the non-split case in the
following.
In the split case the gauge algebra is su(3) and the Weierstrass model assumes, if 9g2f jt=0































This is the form that is appropriate when t is a smooth divisor, which supports adjoint
but not symmetric representations of SU(3). Denoting the divisor t = 0 supporting the
su(3) by t by abuse of notation, we nd that the coecients ~ai have to be sections of the
following line bundles on Bn:
~a1 2 O( KB) ; ~a3 2 O( 3KB   [t]) ; ~a4 2 O( 4KB   2[t]) ; ~a6 2 O( 6KB   3[t]) :
(B.12)
In terms of the leading Tate coecients a
(k)
i in a Tate model,
17 they can be expressed as
~a1 =a
(0)




























In 6D, the genus of the curve t counts the number of matter elds in the adjoint
representation of the su(3). As before, we have at least one adjoint if
[t] =  KB + Z ; (B.14)
for an eective divisor Z. Eectiveness of all coecients in (B.12) imposes an upper bound
on Z of the form
Z   KB ; (B.15)
so that the model (B.11) is generic.
For the concrete base B = P2 this condition is solved for the following choices of the
degree of [t], implying corresponding classes for the coecients ~ai:
[t] ~a1 ~a3 ~a4 ~a6
6 3 3 0 0
5 3 4 2 3
4 3 5 4 6
3 3 6 6 9
(B.16)
17Again we expand the Tate coecients as ai = (t)
ka
(k)
i where k is according to Tate's algorithm k =

















As before, we can extract the generic matter spectrum of the theory directly from its
Weierstrass model (B.11). By analyzing the orders of vanishing of f , g and the discriminant






1~a6   ~a33   ~a21~a3~a4) +O(t)

; (B.17)
we nd the following singular bers and corresponding local matter representations:
Representation Multiplicity Fiber
3  3[t]  (3KB + [t]) I4
(B.18)
There are additional singular bers of Kodaira type IV at the codimension two loci t =
~a1 = 0. As the number of ber components does not increase, there is no matter supported
at these loci.
We readily check using the data in (B.18) and the anomaly coecient [t] that all 6D
anomalies are canceled.
B.3 The SU(2)SU(2)SU(3) Weierstrass model
Finally, we combine the previous two subsections to construct the Weierstrass model of an
elliptic bration with two I2 and one I
s
3 singularity. The Weierstrass form we obtain agrees
precisely with (5.25) of the unHiggsed specialized model Xn+1.
All we have to do is to combine the forms (B.1) and (B.11), where the appropriate way
to specialize coecients is determined by Tate's algorithm. For example, we can start with
the Weierstrass form (B.1) in the parametrization (B.3) for two I2 singularities and impose
the orders of vanishing (0; 1; 1; 2; 3) of the Tate coecients ai on the SU(3) divisor t = 0 for




the superscripts on the a
(k;l)
i to unclutter our notation we thus obtain the Weierstrass form
appropriate for smooth ; ; t














































where the leading Tate coecients ai are sections of the line bundles
a1 2 O( KB) ; a2 2 O( 2KB   [t]) ;
a3 2 O( 3KB   []  [ ]  [t]) ; a4 2 O( 4KB   []  [ ]  2[t]) ;
a6 2 O( 6KB   2[]  2[ ]  3[t]) : (B.20)
Since we have analyzed the case of SU(2)SU(2) or SU(3) gauge groups already in the
previous two subsections, we focus here only on the cases where [t] is a non-trivial class
and not both [] and [ ] are trivial simultaneously. (We thus include not only models with

















B2 = P2 for which O( KB) = OP2(3) the eectiveness conditions implied by (B.20) yield
the following list of allowed values for the degrees of the divisors [], [ ] and [t]:
[] 1 1 2 2 3 3 3 4 4 4 5 5 6 6 7
[ ] 0 1  1 2 0 1  3 0  2 3  1 2 0 1 0
[t]  5  4  4  3  4  3  2  3  2 1  2 1  2 1 1
(B.21)
Here we indicate by  k that all integers less or equal to k are allowed. In addition, we
obtain valid models by exchanging the degrees of [] and [ ].
The generic local matter spectrum of the theory can be extracted directly from its
Weierstrass model (5.22). By analyzing the orders of vanishing of f , g and the discriminant,
we nd the following singular bers and corresponding matter representations:
Representation Multiplicity
(2;2;1) []  [ ]
(2;1;3) []  [t]
(1;2;3) [ ]  [t]
(2;1;1) []  ( 8KB   2[]  2[ ]  3[t])
(1;2;1) [ ]  ( 8KB   2[]  2[ ]  3[t])
(1;1;3) [t]  ( 9KB   2[]  2[ ]  3[t])
(B.22)
We note that there are additional singular bers of Kodaira type III and IV at the
codimension two loci  = (a21 + 4a2t) = 0 or  = (a
2
1 + 4a2t) = 0 and a1 = t = 0 ,
respectively, that do not is support additional matter.
We readily check using the data in (B.4), (B.22) and the anomaly coecients that all
6D anomalies are canceled.
C Map of Xn+1 to the quartic in Bl1P2(1; 1; 2)
In this appendix, we argue that the unHiggsing of the F-theory model dened by Xn+1
can be interpreted as an unHiggsing of the two U(1)'s to two SU(2)'s on reducible divisors
X = AC and Y = BC. To this end, we use the natural presentation of [4] for a model with
one U(1) as quartic in Bl1P2(1; 1; 2), which will be non-generic with an additional non-toric
rational section in the case of Xn+1. Most notably, due to this non-generic form the singu-
larity on the common component C enhances just to I3, corresponding to an SU(3) gauge
group. This is in contrast to the expected enhancement of two I2 singularities to an I4.
It was argued in [4] that every model with at least one rational section can be brought
into the form of the quartic in Bl1P2(1; 1; 2). In particular, this implies that there exists
a birational map of the model (3.4) to the quartic. In the following, as an illustration we
construct this birational map for the specialized model (3.8).
We recall from [4] that the quartic elliptic curve in Bl1P2(1; 1; 2) with homogeneous
coordinates [U : V : W ] (we set the coordinate of the exceptional divisor to one) reads






















There are two possible presentations of the specialized model as the quartic (C.1),
corresponding to the two possible choices which rational point in (3.8) is mapped to the
rational point ~Q in Bl1P2(1; 1; 2). Here, we choose to map Q in (3.8) to ~Q, noting that the
quartic for the choice of R 7! ~Q is obtained by exchanging (a2; b2)$ (a3; b3).
One way to nd the quartic is to construct sections in the bundles O(k(P + Q)) for
k = 1; 2; 3; 4. (This requires moving the point R out of the plane u = 0, which can be
achieved by a variable transformation on (3.8).) Here, we construct the map indirectly by
matching Weierstrass models. The Weierstrass model for the specialized model is given
in appendix A for a1 = 1, b1 = 0. It has to agree with the Weierstrass form (2.3) upon
appropriate identications of the coecients b and ei, i = 0; 1; 2; 3, with the coecients
in (3.8). Clearly, the system of equations resulting from this is under-determined. We have
to specify in addition that the rational point Q maps to the rational point ~Q in (C.1). We
recall that the Weierstrasss coordinates of ~Q read [4]











Comparing to the Weierstrass coordinates (A.3) for Q with a1 = 1 and b1 = 0 and de-
manding equality of the Weierstrass models, we obtain










b3(2s3s5   s2s6 + 2a2b3s1) + a3









(s26   4s3s8 + 2b2(a3s5 + b3s2)  4a2b3s5) ;
e3 = a2s8   1
2
b2s6 : (C.3)
The coordinates of the rational point R in the quartic (C.1) are given by
[U : V : W ]=



















 a33  b3b22s5+b2s6s8 2a2s28  : (C.4)
We note that it is a non-toric rational point.
The coecient e3 is the locus of SU(2) enhancement if the section U(1) corresponding
to the section s^ ~Q is unHigssed. This unHiggsing is triggered by b2 ! 0 in which case we
obtain e3 = a2s8 according to (C.3). Thus after unHiggsing we obtain two SU(2)'s on the
two components a2 = 0 and s8 = 0. In contrast, if we set b3 ! 0 we unHiggs the U(1)
associated to the non-toric section s^R as its coordinates in (C.4) then coincide with those
of the zero point [0 : 1 : 0]. Furthermore, we observe from (C.3) that e0  a23, e1  a3,

















from the discriminant. Thus we can interpret the tuning b3 ! 0 again as an unHiggsing to
an SU(2) on a reducible divisor e03 = a3s8. In fact, e03 is the coecient in the second (C.1)
we obtain by mapping R 7! ~Q.
We emphasize that in the simultaneous tuning b2; b3 ! 0 the I2 singularity on s8 only
enhances to an I3. Thus, we conrm the picture of an SU(2) on two divisor X = AC,
Y = BC with A = a2, B = a3 and C = s8 in the unHiggsed theory, as claimed.
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